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Abstract

In this paper we introduce and analyze two new fully-mixed variationd formulations for the cou-
pling of uid ow with porous media ow. Flows are governed by the Sto kes and Darcy equations,
respectively, and the corresponding transmission conditions areigen by mass conservation, bal-
ance of normal forces, and the Beavers-Joseph-Sa man law. West extend recent related results
involving a pseudostress/velocity-based formulation in the uid, and consider a fully-mixed formu-
lation in which the main unknowns are given now by the stress, the vaticity, and the velocity, all
them in the uid, together with the velocity and the pressure in the p orous medium. The afore-
mentioned formulation is then partially augmented by introducing the Galerkin least-squares type
terms arising from the constitutive and equilibrium equations of the Sokes equation, and from the
relation de ning the vorticity in terms of the free uid velocity. Thes e three terms are multiplied
by stabilization parameters that are chosen in such a way that the esulting continuous formulation
becomes well-posed. The classical Babwska-Brezzi theory is afipd to provide su cient conditions
for the well-posedness of the continuous and discrete formulatianof both approaches. Next, we
derive a reliable and e cient residual-based a posteriori error estimator for the augmented mixed
nite element scheme. The proof of reliability makes use of the globainf-sup condition, Helmholtz
decomposition, and local approximation properties of the Cemern interpolant and Raviart-Thomas
operator. In turn, inverse inequalities, the localization technique ased on element-bubble and edge-
bubble functions, and known results from previous works, are thenain tools to prove the e ciency
of the estimator. Finally, several numerical results illustrating the good performance of both meth-
ods, con rming the aforementioned properties of the estimator,and showing the behaviour of the
associated adaptive algorithm, are provided.
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1 Introduction

The derivation of suitable numerical methods for the couplng of uid ow (modelled by the Stokes
equation) with porous media ow (modelled by the Darcy equation), has been increasing lately (see
e.g., [9,16/ 18 19, 20, 21, 24, 34,137,141,142) 45] 46, [48, B0l the references therein). The above list
includes porous media with cracks, and the incorporation ofother linear and nonlinear equations in
the coupled problem, such as Brinkman and Forchheimer. The eélevance that this model has gained
through the last years, and the reason why the numerical analsis community has been putting so
much e ort in developing more accurate and e cient methods for solving this problem, is due to its
applicability in di erent areas of interest, such as chemicd and petroleum engineering, hydrology, and
environmental sciences, to name a few.

The rst fully-mixed nite element method for the 2D Stokes- Darcy coupled problem has been
introduced and analyzed recently in [35]. This approach atbws the introduction of further unknowns
of physical interest as well as the utilization of the same fanily of nite element subspaces in both
media, without requiring any stabilization term. Moreover, it considers dual-mixed formulations in
both domains, which yields the pseudostress and the velogitin the uid, together with the velocity
and the pressure in the porous medium, as the main unknowns. Ae pressure and the gradient of the
velocity in the uid can then be computed through a very simple post-process of the above unknowns,
in which no numerical di erentiation is applied, and hence nofurther sources of error arise. In addition,
due to the mixed structure utilized, the transmission condtions become essential, and hence they have
to be imposed weakly, which leads to the incorporation of twoadditional unknowns to the system,
namely the traces of the Darcy pressure and the Stokes veldygion the coupling interface . These
new unknowns are also variables of importance from a physi¢goint of view. Then, the well known
Fredholm and Babwska-Brezzi theories are applied to provethe unique solvability of the resulting
continuous formulation and to derive su cient conditions o n the nite element subspaces ensuring
that the associated Galerkin scheme becomes well-posed. Amg the several di erent ways in which
the equations and unknowns can be ordered, it is chosen the eryielding a doubly mixed structure for
which the inf-sup conditions of the o -diagonal bilinear forms follow straightforwardly. Moreover, the
arguments of the continuous analysis can be easily adapteatthe discrete case. In particular, a feasible
choice of subspaces is given by Raviart-Thomas elements aiwest order and piecewise constants for
the velocities and pressures, respectively, in both domas) together with continuous piecewise linear
elements for the additional unknowns on the interface.

Furthermore, complementing the approach provided in [35],a reliable and e cient residual-based
a posteriori error estimator for the fully-mixed nite elem ent method proposed in [35] has been in-
troduced and analyzed in [36]. The proof of reliability makes use of the global inf-sup condition,
Helmholtz decompositions in both media, and local approxination properties of the Cement inter-
polant and Raviart-Thomas operator. On the other hand, inverse inequalities, the localization tech-
nigue based on element-bubble and edge-bubble functionsnd known results from previous works,
are the main tools for proving the e ciency of the estimator.

On the other hand, it is well known that when Neumann-type boundary conditions are imposed for
the Stokes problem, like slip boundary conditions, the nonstandard pseudostress-velocity formulation
has no longer a physical meaning, and therefore a stress-eelity formulation has to be utilized instead.
The latter yields a symmetry requirement for the stress tensr, which constitutes the main drawback
of this kind of formulations. In fact, the diculty in derivi ng and using nite element subspaces of
symmetric tensors in the Stokes and Lane systems is alreadyvell known (see, e.g. [I3] and([12]).
In order to circumvent these disadvantages, one can proceeds in [1], and impose the symmetry of
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the stress in a weak sense through the introduction of a suitale Lagrange multiplier (rotation in
elasticity and vorticity in uid mechanics), which, in the ¢ ase of the Stokes system, leads to a stress-
vorticity-velocity formulation. Among the di erent approa ches for approximating the unknowns of the
corresponding formulation for the Lane system, we mentionin particular the family of nite elements
subspaces presented in_[47], which includes the classicaEERS element from [1], and a modi cation
of the BDM  spaces (seé [10, 11, 12]). In turn, the hypotheses on the diste subspaces are relaxed in
[26] through the introduction of a new augmented mixed formdation for linear elasticity, which allows
the utilization of a RT of P1{Po approximation for the respective three unknowns. The apprach in
[28], which can be easily adapted to the Stokes system (s€eZ]2 [23]), is based on the introduction
of the Galerkin least-squares type terms arising from the costitutive and equilibrium equations, and
from the relation connecting the rotation with the displacement.

Now, going back to our coupled problem, we recall that, becase of the transmission conditions
imposed on the coupling boundary, the constitutive equatian of the Stokes law, de ning the Stokes-
Darcy coupled system, is originally written in terms of the dress tensor (see e.g.[[7, 19, 42, 140]),
which is certainly more realistic from a physical point of view. Motivated by this fact, in the present
work we rst generalize the results developed in[[3b] and [3band analyze a fully-mixed variational
formulation for the original coupled problem, where the man unknowns are given by the stress,
the vorticity and the velocity in the uid, together with the velocity and the pressure in the porous
medium. As in [35], we apply the Babiska-Brezzi theory to prove the unique solvability of the resulting
continuous formulation and to derive su cient conditions o n the nite element subspaces ensuring
that the associated Galerkin scheme becomes well-posed. XNgin order to have more exibility in
the choice of the discrete subspaces, we enrich the equati®nn the uid with redundant Galerkin-
type terms arising from the constitutive and equilibrium equations of the Stokes system, and from
the relation connecting the vorticity with the velocity, al | them multiplied by suitable stabilization
parameters, so that an augmented mixed-FEM for the coupled poblem is obtained. We then combine
the results in [35] and [26] to prove existence and uniquenef solution of the resulting augmented
scheme, and to derive su cient conditions on the nite element subspaces ensuring that the associated
Galerkin scheme becomes well-posed. In addition, followgthe approaches in[[6] and[36], we develop
a reliable and e cient residual-based a posteriori error esimator for the augmented formulation. The
proof of reliability makes use of a global inf{sup condition, Helmholtz decompositions in both media,
and local approximation properties of the Cement interpolant and Raviart{Thomas operator. In
turn, for the e ciency of the estimator we use inverse inequdities, the localization technique based
on element-bubble and edge-bubble functions, and known redts from previous works.

The rest of this paper is organized as follows. In Sectionl2 weresent the main aspects of the
continuous problem, which includes the geometry and the copled model. Then, in Section[B we
introduce and analyze the fully{mixed variational formulation. More precisely, we show the unique
solvability of the continuous scheme and derive suitable hgotheses on the discrete subspaces ensuring
that the associated Galerkin scheme becomes well-posed. &ddition, we provide concrete examples of
nite element spaces in 2D and 3D satisfying the correspondig hypotheses on the discrete subspaces.
Next, in Section [4 we deal with the augmented mixed approach. We analyze the existence and
uniqueness of solution of the continuous formulation, and drive suitable hypotheses on the discrete
subspaces, less demanding than those introduced in Sectid@ ensuring the well-posedness of the
associated Galerkin scheme. Then we provide suitable ch@s of nite element spaces in 2D and 3D
for the augmented mixed formulation. In Section[% we derive he residual-based a posteriori error
estimator for the aforementioned scheme in 2D, and prove itseliability and e ciency. Finally, several
numerical results illustrating the good performance of themethods, con rming the properties of the



estimator, and showing the capability of the associated adative algorithm to localize the singularities
of the solution, are reported in Section[®.

We end this section with some notations to be used below. In wét follows we utilize the standard
terminology for Sobolev spaces. In addition, ifO is a domain, is a closed Lipschitz curve, andr 2 R,
we de ne

H'(O) = [H"(O)]"; HY(O) =[H"(O)]" "; and H'():=[ H'()]":

However, forr = 0 we usually write L2(0), L%(0), and L?() instead of H°(0), H°(O), and H°(),
respectively. The corresponding norms are denoted b k.o (for H"(O), H"(O), and H"(O)) and
k k. (for H'() and H'()). Also, the Hilbert space

H(div;0) := w2L?0): divw?2L30) ;

is standard in the realm of mixed problems (see, e.g[ [12]). fie space of matrix valued functions whose
rows belong toH (div; O) will be denoted H(div ; O). The Hilbert norms of H (div; O) and H(div ; O)
are denoted byk Kgiv:o and k Kgiy .0, respectively. On the other hand, the following symbol for the
L2() and L2() inner products
z z
h: i = 8; 2L%); h; i := 8 : 2L20)

will also be employed for their respective extensions as thduality products H 72()  H2() and
H ¥2()  H¥(). Hereafter, given a non-negative integer k and a subsetS of R", P,(S) stands
for the space of polynomials de ned onS of degree k. The vector and tensor versions ofPx(S),
denoted by P« (S) and P(S), respectively, which are de ned component-wise byPy(S), might also be
required. Finally, we employ O as a generic null vector, and useC, with or without subscripts, bars,
tildes or hats, to mean generic positive constants indepeneht of the discretization parameters, which
may take di erent values at di erent places.

2 The coupled problem

In order to describe the geometry of the problem, we let sand p be bounded and simply connected
polyhedral domains inR", n 2f2;3g, suchthat @ s\ @p = 6;and s\ p = ;. Then, we
let s:= @sn, p = @ pn, and denote by n the unit normal vector on the boundaries, which
is chosen pointing outward from s[ [ p and s (and hence inward to p when seen on ). On

we also consider unit tangent vectors, which are given byt = t; whenn = 2 (see Figure[Z1 below)
and by ft1;t>g, whenn = 3.

The model consists of two separate groups of equations and atsof coupling terms. In g, the
governing equations are those of the Stokes problem, whichra written in the following velocity-
pressure-stress formulation:

s = psl + 2 e(Us) in S, div g+ fs= 0 in S,
(2.1)
divus =0 in s us= 0 on s;



Figure 2.1: Sketch of a 2D geometry where our Stokes{Darcy nuel is considered.

where > 0 is the viscosity of the uid, ugs is the uid velocity, ps is the pressure, s is the stress
tensor, | is then n identity matrix, fsis a known source term,div is the usual divergence operator
div acting row-wise on each tensor, and

1
e(us) == 5 1 us+ (1 us)"

is the strain tensor (or symmetric part of the velocity gradient). Now, introducing the vorticity (or
skew{symmetric part of the velocity gradient) ¢= %(r us (r us)') as a further unknown, and using
thattr(r ug) = div us = 0in g, and the relation r ug s = e(us) in s, we observe that the
equations in (Z1) can be rewritten equivalently as

ZL g:rus s in S, div g+ fg= 0 in S, (22)
s= §1in s ps= ftr s in s; Uus=0 on s;
_ X0
where tr stands for the usual trace of tensors, that is, tr = i, and
i=1
d ._ 1 )
= S@tro)n

is the deviatoric part of tensor . On the other hand, in p we consider the following Darcy model:

Up = Kr Pp in D diVUD = fD in D (23)
up n=0 on D

where up and pp denote the velocity and pressure, respectively, and the ssae term fp is such that
fp = 0. The matrix valued function K, describing the permeability of p divided by the viscosity

D
, satises K! = K, and has L' ( p) components. Also, we assume that there exist€x > 0 such
that

w K(x)w Cgxkwk?; (2.4)
for almost all x 2 p, and for all w 2 R".



Finally, the transmission conditions on are given by

Us h = up n on ;

X 1 . (2.5)
sh + | “(us t)ty = ppn on ;

=1

wheref 1;::; 10 is a set of positive frictional constants, which are deternmed experimentally.

3 The fully-mixed approach

The purpose of this section is to generalize the results praged in [35], introducing and analyzing
a new fully-mixed variational formulation, together with i ts corresponding Galerkin scheme, for the
coupled system given by the set of equationd(212)[(213) an@.5). As already remarked in Sectior(1,
the main novelty with respect to the approach in [35] is the uflization now of e(us) instead ofr ugin
the de nition of the stress tensor s (cf. (21)). We study the well-posedness of both, the continous
and discrete problems, and introduce feasible choices of ite element spaces for the 2D and 3D cases.

3.1 The continuous formulation

In this section, we proceed analogously to[[35] and introdue a mixed formulation for the coupled
problem. To do this, let us rst introduce further notations and de nitions. In what follows, given
? 2 f S;Dg, we denote
z z z
(U;v)7 = uv; (u;v)s = u v, (5 )= D

? ? ?

X

where : =tr( ') = i ij- In addition, we let L2, ( s) be the subspace of skew{
ihj =1

symmetric tensors ofL?( ), that is
Lie( )= 2L%( g): + '=0
Furthermore, we need to introduce the space
H (i, p):= fv 2H(iv; p): v n=0 on pg;

and the space of tracedH goo() :=[ Hgg ()] ", where
n 0
Ho?():= vi : V2HY g; v=0 on s

Observe that, if Eg.s: H?() | L2(@ s), is the extension operator de ned by

on

1=2 .
0 on s 8 2HT() ;

Eos( ) =

then, the spaceH 332() can be de ned equivalently as

n (0]
Hoo () = 2 H¥(): Eos( )2 H(@s) ;



endowed with the normk kypo = KEgs( )Ki-z@ .- The dual space ofH 55°() is denoted by
Hoo ().

Now, to proceed with the derivation of our mixed problem, let us now de ne two additional un-
knowns on the coupling boundary

"= us2 Hi() 3 and = pp 2 HYP() (3.1)

Notice that, in principle, the spaces forus and pp do not allow enough regularity for the traces'
and to exist. However, solutions of [Z:2) and [Z38) have these uknowns in H( s) and H( p),
respectively.

In this way, to derive the weak formulation of the coupled sysem Z2){(2.3){(Z5], we test the rst
equations of [Z2.2) and [Z.8) with arbitrary s 2 H(div; s)andvp 2 H (div; p), respectively,
integrate by parts, utilize the identity g s = g : g and impose weakly the remaining equations,
to obtain the variational problem: Find ( s;up; ' ; ) 2 H(div; s) H (div; p) Lgkew( s)

HE2()  H¥2()and (us;pp) 2 L2 ) L2( p), such that:

S (% D+ (dv sugs+ hsn'i +( g 95 =0
(K tup;vp)p (divvp;pp)o hvp n; i =0
(div sivs)s = (fsjvs)s
(divup;dp)p = (fo;p)o (3.2)
(s g)s =0
H n; i + hup n;i =0
hsn;, i +h n;i h';it; =0;

forall( sivp; s i) 2 H(div; s) H ,(divi p) Lie( s) Hoo () H¥2()and( vsiop) 2
L?( s) L2 p), where
X 1
Hy i = JH ot i (3.3)
I=1
Observe that the symmetry of s is imposed weakly by the fth equation in (B.2).

Next, analogously to the proof of [35, Lemma 3.5], it is easyd see that [3.2) has a one dimensional
kernel f( 1;0;0;0;1); (0;1)g. Then, we avoid the non-uniqueness of[{312) by requiring from now on
that pp 2 L3( p), where

z

L3 b) = q2 L% p): q=0

D

On the other hand, for convenience of the subsequent analysiwe consider the decompaosition
H(div; s) = Ho(div; s) Po( s)l; (3.4)

where b
Ho(div; ¢) := 2 H(div; g): tr =0 ;



and rede ne the stress tensor as s = g + |, with the new unknowns s 2 Hg(div; s) and
2 R.

In this way, the rst and last equations of (82Z) are rewritte n, equivalently as

1 . . .
2—( & s+ (div ssus)s+ hsn'i +( g s)s=0 8 s 2 Hp(div; s); (3.5)
H n;li =0 8 2 R; (3.6)
hsn; i +h n;i h'; i, + h nli =0 8 2 Hot() : (3.7)

Now, it is quite clear that there are many di erent ways of ordering the variational system described
above, but in this section we proceed as i [35, Section 2.3nd adopt one leading to a doubly-mixed
structure (also known as twofold saddle point operator equaion). To this end, we group spaces,
unknowns, and test functions as follows:

Xo := Ho(div; s) H ,(div; p) Leul s) Hoo () HW2() ;

Mo = L?( s) L3 p) R;
(3.8)

_=( siup; g' ;)2 Xo; = (us;pp; ) 2 Myo;

=

_=( siVb; s 1) 2 Xo; V:=(Vsitb; ) 2 Mo;
where Xg and Mg are respectively endowed with the norms

K_kx := K skaiv; s+ KvpKgiv; , + K gko; s + K Kizp00, + K Ky,

D

and
kvkm = kvsko, ¢ + kapKo, , + ] |t

Here, X and M denote the product spaces de ned respectively aXy and Mg, but considering the spaces
H(div; s), H(div; p)and L?( p), instead of Ho(div; s), H ,(div; p)and L3( p). Hence, the
variational system (3.2) with the new equations (3.3) { (3.1, reads: Find (_;u) 2 Xp Mg such that

F() 8_:=( siVvp; s ;)2 Xo;

A(L )+ B(Lu)

B(;v) = GU) 8V = (Vs ) 2 Mo; (39)
where
F() =0; Gv) = G((vs;b; )) = (fs;vs)s  (fpiap); (3.10)
and A and B are the bounded bilinear forms de ned by
A(; )= a(( ssup)i( s;vp)) + B( sivp)i( s' 5 )
(3.11)
+0( ssup)i( s 3 ) oAl 5" )iCs 5 )
with 1
a(( siup);( sivp)):= 2—( & 9Hs + (K ‘up;vp)o;
b( sivo)i( s )= ( s os+ hsni i hvp nii; (3.12)
c( 5" »iCs 3 )= Hy iy, +H n;i h n; i ;
and
B(_;v) = (div sjvs)s  (divvp;gp)p + h njli: (3.13)



3.2 Analysis of the continuous formulation

In this section we proceed similarly as in[[35, Section 3] andise the classical Babiwska-Brezzi theory
to show that (B.9) is well-posed. To this end, we rst collect some known results that will serve for
the forthcoming analysis. We begin by recalling that the folowing inequalities hold

kvpkg . Copkvpkjy . 8vp 2 H(div; p) suchthat div vp 2 Po( p); (3.14)

D

and
Csk sk3. . k 23 _+kdiv sk} . 8 s2Ho(div; ) (3.15)

For (B14) we refer to [35, Lemma 3.2], whereas(3.15) is pred in [2, Lemma 3.1] (see alsd [12,
Chapter IV]).

The following lemma will be employed in what follows. For its proof we refer to [3%5, Lemma 3.4]
(see alsol]29, Lemma 2.1] for a nonlinear version of it).

Lemma 3.1 Let (X; h;ix) and (Y;h; iy) be Hilbert spaces. Leta: X X ! R,b:X Y! R,
andc:Y Y ! R be bounded bilinear forms, and leA : (X Y) (X Y)! R be the global bilinear
form de ned by

A((xy); (ziw)) := a(x;z) + b(z;y) + b(x;w)  c(y;w) 8(x;y); (z;w) 2 X Y.
Assume that

i) there exists > 0 such that a(x; x) kxkf( 8x2 X,

ii) there exists > 0 such that sup bix;y)
x2Xno KXKx

kyky 8y2Y,

iy c(y;y) 0 8y2Y.
Then, the linear operator induced byA, namelyA: X Y ! X Y dened by
PA(U; V)i (ZW)iy v = A((U;v); (Z;w)) 8 (uv);(zzw) 2 X Y,

is invertible.

In the sequel, for the sake of simplicity, whenever a bilineaform A induces an invertible operator,
we will simply say that the bilinear form A is invertible.

We begin the analysis of [3.9) by proving the inf-sup conditon associated toB.

Lemma 3.2 There exists > 0 such that

sup B v)
_2xon0 K_Kx

kv Ky 8v 2 My: (3.16)



Proof. Analogously to the proof of [35, Lemma 3.6], we observe thatthte diagonal character ofB (cf.
(B.13)) guarantees that (3.16) is equivalent to the followng three independent inf-sup conditions:

sup skvsko, ¢ 8vs 2 L?( s); (3.17)
52 Ho(div ; s)n0 k' sKaiv ; s
div vp;
sup VYoo g 8y 2 LY( o) (3.18)
vp2H (div; p)no VDKdiv; p
sup khkinll N 8 2R; (3.19)
2Hg5?() no 172,00;
with s, p; > 0. First, given ¢p 2 L3( p), we dene vp := r z, wherez 2 H1( p) is the
unique solution of the boundary value problem:
Z= g Iin p; z=0 on ; %Z:O on D:

It follows that vp 2 H _(div; p) and divvp = 0p, which yields the surjectivity of the operator
div : H ,(div; p)! L3( b), which is (3I8). With similar arguments one can prove that div
Ho(div; s)! L?( s)is also surjective, which is [3.17). Finally, we recall tha the proof of the inf-sup

condition (B.19) relies on the existence of a xed element , 2 H(l)gz() such that h 5 n;1i 60.
For the construction of such function  we simply refer to [35, Section 3.2] or[[37, Section 3.2].

Now, let V be the kernel ofB, that is
V= _2Xo: B(;v)=0 8v 2 Mg
From the de nition of B (cf. 8313)), itis easy to see thatV = V; V3, where

Vi = Ho(div; s) H ,div; p) and Vo= L%u( s) HiA() H2() ;

with n o
Ho(div; s) := s 2 Ho(div; g): div g=0 ;
n 0
A ,(div; p):= vp2H (div; p): divvp 2 Po( p) ;
and ) n ) o
Hoo () = 2HY?(): h nili =0

The following lemma establishes the invertibility of A on V.
Lemma 3.3 The bilinear form A is invertible on V V.

Proof. Due to the structure of A, in what follows we apply Lemmal3.1, that is, we verify that the
bilinear forms a, band c (cf. (B.12)) satisfy the corresponding hypotheses i), ii) ad iii)on V = V1 V.
First, according to the de nition of V;, and utilizing inequalities (8.14) and ([318), it is not di cult
to see that a satis es i) (see |35, Lemma 3.7] for details). Next, due to tke diagonal character ofb, it
is easy to see thatb veri es i) on Vi V> if and only if there exist S; P > 0 such that

o

. H . n
hsn, i +( s g)s S K kimoo + K sko: s (3.20)

K sKaiv

sup

s 2 Ho(div; s)n0 S

10



8(s )2 L% s Hgr() and

skew

sup hvp n; i

Y Pk kyzp: 8 2 H¥() : (3.21)
vp2H (div; p)n0 DRdiv; p

Then we observe that [3.20) follows from a slight modi cation of [32, Lemma 4.3]. In addition, using
similar arguments utilized in [37, Lemma 3.3] one can obtainthat the operator v ! v n from
A ,(div; p)toH 172() is surjective, which yields (3:2I). Finally, it is quite straightforward from
(B3) and the de nition of c (cf. (812)), that for each ( g; ; ) 2 V; there holds

X 1
s 5 )ls 3= CTkeotkg o (3.22)
=1

which shows that c veri es hypothesis iii), and the proof is concluded.

We are now in position of establishing the main results of thé section.

Theorem 3.4 For each pair (F;G) 2 XJ MJ there exists a unique(_;u) 2 Xo My solution to
B39). In addition, there exists a constantC > 0, independent of the solution, such that

n 0
K(_;Wkx ™ C kFkxg + kGkyo

Proof. It follows from Lemmata B2 and[3.3, and a straightforward agplication of the classical Babiska-
Brezzi theory.

Theorem 3.5 Let (_;u) 2 Xo Mg be the unique solution of the variational formulation (8.9) with
F and G given by BI0), and dene ps:= tr( s). Then, us2 HY( s), pp 2 HY( p),' = us
on , = pp on ,andwe have a solution of the systenZ.2), (2.3) and [2.5).

Proof. It basically follows by applying integration by parts backwardly in (B.9), and using suitable
test functions. We omit further details.

3.3 Galerkin scheme of the fully-mixed approach

In this section we introduce the Galerkin scheme of problem[3.9) and analyze its well-posedness by
establishing suitable assumptions on the discrete subspas involved. We begin by selecting a set of
arbitrary discrete spaces, namely

Hn( ») H(iv; 2); Ln( 2) L2 2); ?2fSDg;
- (3.23)
2(0) Ho O 5 RO H¥2() 5 S s) L ( 9):
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Then, we de ne the subspaces:
Hn( s):i= f 2H(div; g):ct 2HK( 5); 8c2R"g;
Hho( s) := Hn( s)\ Ho(div; s);

Hh: o( ) = Vvh2Hu( p): Vvah Nn=0 on p ;

(3.24)
Ln( s) == [Ln( )]
Lho( ) = Ln( p)\ L§( b):
RO =1 ROI™
In this way, grouping global discrete subspaces and corregmding unknowns as follows:
Xno:= Hmo( s) Hn o( 0) S(s) RO RO ; (3.25)

Mho:=Ln( s) Lno( o) R;

_h=( shiUph shi' h h) 2 Xpos Uy :=(Ush:Po:hs h) 2 Mho;

we nd that the discrete version of problem (3.9) reads: Find (_y;u) 2 Xn.0o Mp:o such that

A(Lni_n) + B(Lniup)

F(n) 8 _h:=( sh:Vp:h; shi hs h) 2 Xno;
' ' ' ' 3.26
B(_n:Vh) ( )

Glvy) 8Vy :=(Vsh;Uo:h; h) 2 Mpo:

Next, we proceed analogously to[]35, Section 4] and estabtisgeneral hypotheses on the nite
element subspaced(3.23) and (3.24), ensuring the well-pedness of[(3.26). We begin by noticing that,
in order to have meaningful spacedin.o( s) and Ly.o( p), we need to be able to eliminate multiples
of the identity matrix from Hp( s) and constant polynomials from L ( p). This request is certainly
satis ed if we assume:

(HO) [Po( 91" "  Hn( s) and Po( p) Ln( p).
In particular, it follows that I 2 Hy( ) for all h, and hence there holds:

Hnh( s) = Hno( s)  Po( s)l: (3.27)

Now, using the same diagonal argument utilized in the proof 6 Lemmal3.2, we observe that the
discrete inf-sup condition B holds if we assume:

(H.1) There exist s; T > 0, independent ofh, and there exists 2 Hégz() , such that

(div sh;Vsh)s

sup . “skvsnko, s 8vsh 2 Ln( s); (3.28)
sh 2 Hp.o( s)nO k Sh Kaiv D s
div Vp:n; Op; _
sup ( O:h: D)o D kap;nko; 8b:h 2 Lnol( b); (3.29)

Von 2Hpy o( oo KVDinKaiv; o

12



02 () 8h and h, n;li 60: (3.30)

In particular, note that (3.30) implies the inf-sup conditi on

hh h n,ll

sup ~ J ni 8 h 2 R: (3.31)

22 w0 no K nki=oo

We now look at the discrete kernel ofB, which is de ned by
Vih = _n 2 Xnot B(Lhivn) =0 8y, 2 Mpo
In order to have a more explicit de nition of V;,, we introduce the following assumption:

(H2)div Hh( s) Ln( s) and divHn( p) Ln( b)-

It follows from (H.2) and the de nition of B (cf. (8.13)) that Vi, = V1., Va2, where

Vip = Anol s) FAn o( p) and Van = Si( s ~n() 20

with n 0
Hho( s) = h 2 Hpo( g):div h =0 ;
n o]
Hn 5( b)) = Vvh 2 Hp, x( p): divvy 2 Po( p)
and S n 0
O=  h2 50: hynili =0
In addition, regarding the inf-sup condition of b on V,, we also de ne the subspace
n 0
An( ) = h2Hp( g):div =0 : (3.32)

Then, applying the same diagonal argument employed in the povof of Lemmal3.3, we deduce thab
satis es the discrete inf-sup condition onVy, if and only if the following hypothesis holds:

(H.3) There exist positive constants ~S; =P | independent ofh, such that

h shn; i +( shi sh)s n 0
sup K ke = S K pkizoo, * K snko ¢ i (3.33)
s:h 2 Hh( s)n0 Shidiv; s
s
forall ( sp n) 2 Sh(s) Th() ;and
sup Woi ni i o Pk ki 8 1n 2 PO (3.34)
KVp:hKdiv: o

Von 2Hh ,( p)n0
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In particular, given ( sn; n) 2 S( s) ~ﬁ(), we observe that (3.33), and the fact that
h  n;li =0, imply

n (0]

h ghn; i + hy s
sup Sh h ( Sih S,h)S C k hk1:2;00; + k S;hkO; s (3.35)

sih 2 Fn;o( s)n0 K- snkaiv ;

which corresponds to the discrete version of({3.20).

The following theorem establishes the well-posedness of ginlem (3.26) and the corresponding Gca
estimate.

Theorem 3.6 Assume that hypothesegH.0) , (H.1) , (H.2) , and (H.3) hold. Then, the Galerkin
scheme(3.26) has a unique solution(_j;u,) 2 Xn.o Mpo, and there existsC; > 0, independent of
h, such that n 0

KCniun)kx m C1 ijXh;okXﬂ;o + ij\/lh;okMﬂ;o

In addition, there exists C, > 0, independent ofh, such that

n (0]

kK _pkx + ku upkwm C, inf k_  _pkx+ inf ku vpkum (3.36)
,hth;o !hZMh;O

where(_;u) 2 Xp My is the unique solution of (3.9).

Proof. It follows by applying similar arguments to those utilized in Section[3.2. We omit further
details.

3.4 Particular choices of discrete subspaces

We now specify concrete examples of nite element subspac@s 2D and 3D satisfying the hypotheses
introduced in the previous section. To this end, we IetThS and ThD be respective triangulations of
the domains sand p, which are formed by shape-regular triangles (inR?) or tetrahedra (in R3) of

diameter hy, and assume that they match in so that ThS [T hD is a triangulation of g | [ b.

We also let  be the partition of inherited from ThS (or ThD). In addition, we let br ke the element
bubble function de ned as the unique polynomial in Pp.1 (T) vanishing on @Twith | br = 1, and

denote by x := (X1;:::;Xn)t a generic vector ofR". Then, for eachT 2 ThS [T hD we consider the local
Raviart{Thomas and bubble spaces of order 0, respectivelyby

RTo(T) = Po(T) Po(T)X;
and 8
< Py(T) 98, & inRY

Bo(T) == . ox o
r (brPo(T)) in R3:

14



3.4.1 PEERS + Raviart Thomas in 2D

We de ne the discrete subspaces in[{3.23) as follows:

n 0
Hh( s) = h2 Hdiv; s): it 2 RTo(T) Bo(T) 8T 2T, ;
n o}
Hn( o) = Vvh 2 H(div; p): vVhir 2 RTo(T) 8T 2 TP ;
n 0 (3.37)
Lh( 2) = Gh2L%( 2): GhjT 2 Po(T) 8T 2T, ?22fSDg;
n o}
S( ) = h2L%e( s) 1 n2[C )22 and jr 2 Py(T) 8T 2T,°

We remark here that Ho( s) Ln( s) Sh( s), with Hy( s) and Ly( s) dened as in (B.24),
constitutes the classical PEERS space introduced iri [1] fothe mixed nite element approximation of
the linear elasticity problem with Dirichlet boundary cond ition (see, for instance [12] or[[43]). In turn,
Hnh( pb) Ln( p) is the Raviart-Thomas stable element of lowest order for the mixed formulation
of the Poisson problem (see, for instance_[12, 28]). Theseds are particularly important for the
rest of the analysis, since, as we will make it clear below, hthe discrete inf-sup conditions that are
required in the hypotheses indicated in Sectiori 313, eitheare already available in the literature or
can be derived from related results provided there. In additon, we recall from [35,[44] that the set
of normal traces of Ay, ,( p) and HAp( s) on , are de ned by the subspaces of L2() and L?()
given, respectively, by
n 0
h() = h: ! R: hie 2 Po(€) 8 edgee 2  ; (3.38)

h() = n() h() : (3-39)

Next, in order to introduce the particular subspaces ﬁ’() and E(), we follow the simplest
approach suggested in[[35] and[44]. To this end, we rst assue, without loss of generality, that the
number of edges of  is even. Then, we let 5, be the partition of arising by joining pairs of adjacent
edges of . Note that, since 4 is inherited from the interior triangulations, it is automa tically of
bounded variation (that is, the ratio of lengths of adjacent edges is bounded) and, therefore, so isy;.
Now, if the number of edges of 4 is odd, we simply reduce it to the even case by joining any paiof
two adjacent elements, and then construct o, from this reduced partition. In this way, denoting by
Xp and xy the extreme points of , we de ne

n o]
RO = n2C(O):  hie2 Pi(e) 8€2 o n(X0) = n(xn)=0 ; (3.40)

n 0
h() = h2C():  nje2Pi(e) 8e2 o (3.41)

In what follows, we verify that the discrete spacesXp.o and My, de ned by the combination of

B23), (328), (3.37), (3.40) and [3.41), satisfy hypothses H.0 ){( H.3). We start by mentioning that
hypotheses(H.0) and (H.2) are straightforward from the de nitions in (£37). In turn, it is well

known that the discrete inf-sup conditions (3.28) and [3.29 hold (see for instance[[l1, Lemma 4.4] and

[12, Chapter IV], respectively). In addition, the existence of ;2 H 332() satisfying (3.30)/follows as
explained in [35, Section 2.5] or[[37, Section 3.2]. Thesegwelts yield assumption(H.1) .
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Next, concerning hypothesis(H.3) , we will see in the sequel that su cient conditions for (8.34)
and (3.33) to hold true are the existence of positive constais CS; C® > 0, independent ofh, such
that the following discrete inf-sup conditions are satis ed:

hn pi
sup Ml ePpk, 8,2 D) (3.42)
h2 h0 K hk 1=2;
»60
and i )
oy
sup % CSK pki=p00; 8 n2 {0 : (3.43)
h2 rO h®™ 1=2;00;
.60

We rst refer to (3.34). Indeed, utilizing the same arguments provided in [35, Lemma 5.2] it can
be proved, under the assumption of quasi-uniformity of the nesh around the interface , that there
exists a discrete stable lifting of the normal traces ofHy. ,( p), namely (). Then, applying [35,
Lemma 4.2], it follows that the existence of such lifting, ard the inf-sup condition (3.42), imply (B.:34).
It is important to notice that this result has been recently i mproved in [44, Theorem 5.1], where the
assumption of quasi-uniformity of the mesh around is no longer needed.

Now, regarding (3.33), analogously to the above argumentabn, it follows that (8.43) is a su cient
condition for the existence ofCS > 0, independent ofh, such that

S
sup CSk pki=200: 8 n2 Th()s (3.44)

sih 2 An( s)n0 K- sinkaiv ; s

which, as we will see next, implies[(3.33). In fact, given (gp; 1) 2 An( s) ~S(), we rst employ

B.49) to derive

hshn; hi +( shi sn)s

sup

K orky CSk pkizpoo, K shKo; s (3.45)
S;hZHh( S)I’]O S;h dIV; s

and then, applying |43, Theorem 4.5], we obtain

hshn, i +( sh; S;h)S

sup

K K “skew K shKo; s (3.46)
s:h 2 AR s)no Shidiv ;s

with “gew > 0, independent of h. Then, combining these two inequalities we get [(3.33), whilk
completes the analysis ofH.3) .

Having veri ed hypotheses (H.0 ){( H.3), a straightforward application of Theorem yields the
well-posedness of[(3.26) and the corresponding Gea estirtex

Theorem 3.7 Let X,.o and My,.o be the nite element subspaces de ned b{3.24) and (38:25), in terms
of the speci ¢ discrete spaces given by3.37), (8.40) and (3.41). Then, the Galerkin scheme (3.28)
has a unique solution(_y;u,) 2 Xp.o Mp.o, and there existcy, ¢ > 0, independent ofh and the
continuous and discrete solutions, such that

n o}
k(_h;gh)kx M C1 ijxh;okX(h);o + ijVlh;OkM(h);o ;
n o}
k_ _hkx + ku upkw C inf k_ _pkx + inf ku vpkm ; (3.47)
_h2Xh;0 Vh2Mpo

where(_;u) 2 Xp My is the unique solution of ([3.9).
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The following theorem provides the theoretical rate of conergence of the Galerkin schemd (3.26),
under suitable regularity assumptions on the exact solutio.

Theorem 3.8 Let (_;u) 2 Xo Mg and (_p;uy) 2 Xpo Mpo be the unique solutions of the
continuous and discrete formulations (8.9) and (8.26), respectively. Assume that there exists 2 (0; 1]
suchthatSZH(S),div SZH(s), SZH(S),UDZH(D),anddiquZH(D).
Then,us 2 HY ( g),pp 2 HY (p),' 2 H¥?* (), 2 HT?* (), and there existsC > 0,
independent ofh and the continuous and discrete solutions, such that

n
k(;u)  (mUpkx v Ch  k sk. ¢+ kdiv sk, |

0 (3.48)
Proof. We rst recall from Theorem 85]that r us= e(us)+ g andr pp = K lup, which implies
that us2 H¥ ( g), pp 2 H ( p), whence' = ug 2HY¥* (), =ppj 2 H¥?* (). The

rest of the proof follows from the Gea estimate (3.47), the gpproximation properties of the subspaces
involved (see, e.g.[4],[[12]/115], 28], [38], [39]), andhe¢ fact that, thanks to the trace theorems in g
and p, respectively, there holds

3.4.2 PEERS + Raviart Thomas in 3D

Let us now de ne the discrete subspaces inN(3.23) as follows:

n 0
Hn( s) = h2 Hdiv; s): njt 2 RTo(T) Bo(T) 8T 2T, ;
n (0]
Hn( o) = Vvh 2 H(div; p): Vhir 2 RTo(T) 8T 2 TP ;
n _ ,0 (3.49)
Ln( 2) = h 2 L%( 9): ohjT 2 Po(T) 8T 2 Ty ?2fS;Dg;
n (0]
S s) = h2L%en( 8 n2[C o® 3 and jr 2 Py(T) 8T 2T7°

Notice that these nite element subspaces are the 3D versiomf the ones de ned in (3.37), consid-
ering that the vector and tensor live in R3 and R® 3, respectively.

Now, in order to de ne the discrete spaces for the unknowns orthe interface , we proceed
dierently to Section 8.4.11and introduce an independent triangulation  of , by triangles K of
diameter B, and dene B :=maxfBx : K 2 ,g. Then, denoting by @ the polygonal boundary of
, we de ne

n 0
RO = n2C0O: ik 2PyuK) 8K2 p; h=0 on @ ; (3.50)

n 0]
FO=  h2CO:  nik 2 PiK) 8K 2 (3.51)
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In this way, we de ne the discrete spacesXy.o and My.o by combining (3.24), (3.25), (3.49), (3.50) and
@B.51).

In what follows, we show that hypotheses(H.0) {(H.3) hold true. We begin by observing that the
hypotheses(H.0) and (H.2) are straightforward. Also, analogously to Section 3.4, & notice that
the inf-sup conditions (3.28) and (3.29) follow from [1, Lenma 4.4] or [12, Chapter IV]. In addition,

proceeding as in[|35, Section 2.5] o [37, Section 3.2] we ahmde the existence of , 2 H(l)gz()
satisfying (3.30). These results yield assumptionH.1) .

Now, concerning the inf-sup conditions [(3.3B) and[(3.34) in(H.3) , we let |, be the partition of
inherited from ThS (or ThD), formed by triangles of diameterhx , and dene h :=maxfhx : K 2 g
Then, de ning the set of normal traces of Hy,, ,( p) and An( s) as in (3.38) and (3.39) (considering
triangles instead of edges), respectively, we use similarguments utilized for the 2D case, and conclude
that, on the one hand, (3.42) is su cient condition for (3.34])), and on the other hand, (3.43) is
su cient condition for (3[44)] which, exactly as explained for the 2D case (cf. [3.45b), [3.46)), yields
B33). In this case, however, the 3D analogue of [44, Theone 5.1], being an open problem, can
not be employed. Therefore, in order to construct the stablediscrete lifting of the normal traces of
Hn ,( p) (respectively An( s)), we need to employ some inverse inequalities on , which rguires
quasi-uniform meshes in a neighbourhood of this interface Furthermore, it can be proved (see e.g.
the second part of the proof of [[31, Lemma 7.5]) that there exdts Cy 2 (0; 1) such that for each pair
(h :R ) verifying h CoR , the 3D version of (3.42) (respectively [3.4B)) is satis ed Note that
this restriction on the meshsize explains the need of havingntroduced the independent partition
of . This concludes the analysis of (H.3) .

Having veri ed the hypotheses(H.0) {(H.3) , we are now in position of establishing the main results
of this section. Their proofs, being basically as those of Thorems 3.V and_3]8, are omitted.

Theorem 3.9 Let (_;u) 2 Xg Mg be the unique solution of (8.9), and let X,.o and My be the
nite element subspaces de ned by(@.24) and B.29), in terms of the speci ¢ discrete spaces given by
(B.49), B.50) and B.E1). In addition, assume that h CoR . Then, the Galerkin scheme (B.26)
has a unique solution(_y;uy) 2 Xn.o Mn.o, and there existcy, ¢ > 0, independent ofh, such that

n (0]
KCnitnkx m C KFixyokxo, + KGivyokug

n (0]

k_ _kx + ku upkw C inf - k_ _pkx + inf ku vpkum (3.52)
_h2Xno Vh2Mp o

Theorem 3.10 Let (_;u) 2 Xo Mg and (_p;u,) 2 Xpo Mpo be the unique solutions of the
continuous and discrete formulations (8.9) and (3.28), respectively. Assume that there exists 2 (0; 1]
suchthat 2 H( g),div g2 H ( g), SZH(s),UDZH(D),aﬂddiVUDZH(D).
Then,us 2 HY (g),pp 2 HY (p),' 2 H¥?* (), 2 HT? (), and there existsC > 0,
independent ofh, such that

n

k(su)  (Cnsup)kx m Ch ok sk ¢ + kdiv sk,

S S

0 (3.53)
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4 The augmented mixed formulation

As mentioned before, in order to have more exibility in the election of the discrete spaces for the
Stokes domain, in what follows we propose a new augmented nex formulation for our coupled
problem. To do this, we suggest to enrich the variational fomulation (B.9) with residual expressions
arising from the equilibrium and constitutive equations, and the relation de ning the vorticity in terms
of the free uid velocity. More precisely, we add the following terms:

1div s;div s)s =  i(fs; div g)s; (4.1)
2 eus) o die(vs) =0; @2

s
3 s %(r us (rus)t); s . =0; (4.3)

forall ( s;vs; s) 2 Ho(div; g) Hls( s) Lgkew( s), where 1, »and 3 are positive parameters
to be speci ed later, and

H'.( s):= vs2H'( s):vg =0

We notice here that (4.2) and (4.3) implicitly require now th e velocity us to live in the smaller space
H ( s).
S

Let us now consider the global spaces:

Xo:= Ho(div; s) H'.('s) Lien( s) H ,(div; p) Hégz() H2() ;
Mo = L§( b) R;
endowed with the norms

kskx = K skdiv; s + jVsiz; s + K gko; ¢+ KvpKaiv; , + K Ki=p00; + K Ki=2; ;

D

and
kgkm = kapko; o + | J;

forall s:=( s;vs; s;Vvp; ;) 2 X,and q = (gp; ) 2 M, whereX and M denote the product
spaces de ned respectively as<y and M g, but considering the spacesH(div; s), H(div; p), and
L?( p), instead of Ho(div; s), H ,(div; p), and L3( p). Then, de ning the global unknowns as:

t=( siUs; siup;'; ) 2 Xo; P =(pp; )2 Myg;
the augmented mixed variational formulation reads: Find (t;p) 2 Xo Mg such that

A(t;s) + B(sip)
B(t;q)

F(s) 8s:=( s;Vs; sVb; ;)2 Xo;
G(a) 89 :=(a; )2 My;

(4.4)

where
F(s) == (fs;vs)s  i(fs;div g)s; G(q) = (fosmd); (4.5)
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and A and B are the bounded bilinear forms de ned by
A(t;s) = a(( sius; sup);( sivs; svp)) + b(( sivs; svp)i( ;)

+ b(( sius; sup)i( ;) o5 )(C 5 )

B(s;q) ==  (divvp;gp)p + h njli ;
with
a(( siusi siUp)i( siVsi siVp)) = Zi( & Ds+ 1(div sdiv g)s+ (K tup;vp)o
* 2oy 5 vy +(dv siugs  (dv svos
+ 3 s %(f us (rug)'); s s+( s s)s (s 9)s
b(( sivs; svp)i( ;)= hsn;y i hvp n;i;
and

c"; (s )N)="H; i, h n i +H nji

We remark that the augmented mixed formulation (@.4)) and the original fully-mixed scheme (3.9)
are both represented by a twofold saddle-point operator eqgation. In other words, the bilinear forms
A and A (see [3.11)) share the same doubly-mixed structure, whichugygests to apply the same tools
employed in Section[B, particularly Lemmal3.1, to analyze tke well-posedness ofl_(414). Nevertheless,
the main advantages of this augmentation have to do with the &ct that the resulting bilinear forms B
and b, not involving the rotation and not involving the stress ten sor of the uid, respectively, become
less complicated thanB and b, and hence the associated discrete inf-sup conditions ar@sier to satisfy.
This feature is indeed con rmed below in Sectiorf4.B where wepecify simpler nite element subspaces
ensuring the well-posedness of the associated Galerkin she.

4.1 Analysis of the continuous augmented problem

In what follows, we apply the classical Babiska-Brezzi theory and Lemmal[3.1 (cf. Section[3.R) to

prove the well-posedness ofl{414). We start by establishinghe inf-sup condition of the bilinear form
B:

Lemma 4.1 There exists > 0, such that

sup B(siq)
s2Xxono  KSKx

kgkwm 89 2 Mg: (4.6)

Proof. It follows analogously to the proof of Lemmal3.2. We omit further details.

Next, we apply again Lemmal3.1 to state the invertibility of A on the null space of the bilinear
form B, namely

V= s2Xo: B(ssq)=0 892 My
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To this end, we rst recall that the well known Korn's inequal ity (see, for instance [38]) establishes
the existence of a constant ¢ > 0 such that

ke(vs)kj. . oivsit. ¢ 8vs2H' ( g 4.7

On the other hand, it is easy to see from the de nition of B that V = V; V., where
V1= Ho(div; s) H (s) Lgenl s) H (div; p) and Va2 = Hy ()  HT() ;

with n o]
A ,(iv; p):= vp 2 H (v, p): divvp 2 Po( p) ;

and B n B 0
Ao () = 2H(): h mli =0

The invertibility of A onV is established next.

Lemma 4.2 Assumethat 1 > 0,0< 5, < 4 ,and0< 3 < g o, with o the constant of the
Korn's inequality (7). Then the bilinear form A is invertible.

Proof. In what follows, we proceed similarly to the proof of Lemmal32, and verify that the bilinear
forms a, b and c, de ning A, satisfy the hypotheses of Lemma_3]1. First, we observe thataccording
to the diagonal character ofb, the inf-sup condition of b onV; V5 holds if and only if

hsn; i =
sup # SK Kipoo 8 2 Hy () ;
52 Ho(div; s)n0 SRdiv ; s
and hy .
sup o | Dk kip, 8 2 H¥2() :

vp2H _(div; p)n0 kvpkaiv; o

The rst condition above has been already veri ed in Lemmal33, whereas the second one follows from

the surjectivity of the operator ! n, from Ho(div; g) to Hoolzz(). We omit further details.

Now, for the ellipticity of a onV 1, we proceed similarly to [26, Section 3] (see alsb [27]). Imaft, given
=( sVs; siVp) 2 Vi, we notice, after a simple computation, that

1 .
i) 5 gz KU+ akdv 9 o+ (K Noivok
+ 73k oKG o+ éke(vs)ké; s ;jvsﬁ; s

Hence, applying [Z3), [3.14), [3.I5) and [4.F), and utilizng the assumptions on 1, > and 3, we
nd that

ai)  Smin DD ke, tkdv oG

1 o
+ CkCokvokly, , + ok sk o+ 5(0 2 3)ivsii |
n (0}

C Kk sKgv. o + ivsil o + k ok§ . + kvpkdy. |

21



We conclude the proof by observing that

c(C 5 1C s N=h; iy 0 8(;)2Va

According to the foregoing analysis, the well-posedness dqf.4) is stated as follows.

Theorem 4.3 Assumethat 1 > 0,0< ,< 4 ,and0< 3 < g 5, with ¢ the constant of the
Korn's inequality (&7). Then, for each pair (F;G) 2 X$ M there exists auniquet;p) 2 Xo Mo
solution to (@.4)), and there exists a constantC > 0, independent of the solution, such that

n 0
k(t;p)kx ™ C kaxg + kaMg : (4.8)

Proof. It follows from Lemmata &.1] and[4.2, and a straightforward agplication of the classical Babiska-
Brezzi theory.

4.2 The augmented mixed nite element method
In what follows, we de ne the Galerkin scheme of problem [4} and establish suitable hypotheses

on the nite element subspaces ensuring later on its well-psedness. We rst introduce arbitrary
subspaces oH'( s) and H* ( s), namely

Hi( s) H' s) and Hf (s) = Hy( o)\ H'( ) (4.9)

In addition, we consider again the subspaces fron{(3.23), ahde ne the global discrete spaces as

follows: 1 S 5
Xho = Hnol s) Hp (s) S(s) Hn (b)) R() h() ;
(4.10)
Mho = Lno( ) R:
In this way, the Galerkin scheme of [4.4) reads: Find {,;p,) 2 Xn,0 M p;o such that
A(ty;sp) + B(ship,) = F(sn)  8sy2 Xho; (4.11)

B(t_hlgh) = G(ﬂh) 8gh 2 Mh;O:

Now, similarly as before, in order to guarantee the solvabity of (£11I), we introduce suitable
hypotheses on the nite element subspaces de ning{y.o M p.0. We begin by establishing the one
ensuring the discrete inf-sup condition ofB on Xp.0 M p.0:

(H.4) There exists by > 0, independent ofh, and there exists 2 Hégz() , such that

div Vph; Op-
Sup ( K D’E .qD’h)D by kapinko; » 80 2 Lio( b): (4.12)
Vph 2Hnp 5 ( p)no VD:hKdiv; p

b2 () 8h and h, n;li 60: (4.13)
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Next, in order to have a more precise de nition of the discree kernel of B, which is given by
Vih = 52 Xpo: B(ssq)=0 892 Mpo ;

we also assume:

(H.5) divHn( p) Ln( D).

According to the above, it is not di cult to see that V|, can be decomposed a¥p = Vnp1 Vo,
where

Vii= Hnol 8) HE (s Si(s) Hno( ) and Viz= () PO

with n 0
Hn o( b) == Vvp 2 Hp, ,( p): divvp 2 Po( p)

and S n o]
() = 2 70: h mil =0

The following hypothesis is necessary to prove the invertiility of A on V.

(H.6) There exist PS; bP > 0, independent ofh, such that

h shn; i
sup  oshMonl sy oo 8 2 () (4.14)
sh 2Hn( s)no K shKdiv ; o
hvp- Cohi
sup Mo M nl oy kg, 8h2 PO ; (4.15)
Von 2Fn o ( oo KVDihKdiv; o
Observe, in particular, that (f.14) implies
h shpn; i
sup NsnN nl bS k hK1=2:00: 8 | 2 _._ﬁ() :

sn 2Hnol s)n0 K shkdiv; s

Notice, as previously announced, that hypotheseéH.4) , (H.5) and (H.6) are less demanding than
hypotheses(H.1) , (H.2) and (H.3) in Section[3.3. This fact will be re ected in the next section,
where we introduce the particular choices of nite elementssubspaces.

The well-posedness of[{4.11) and the associated Gea estirgaare provided by the following theorem.

Theorem 4.4 Assume that hypothese¢H.0) , (H.4) , (H.5) , and (H.6) hold. In addition, assume
that 1 > 0,0< ,< 4 ,and0< 3< ¢ 2, Where gis the constant of Korn's inequality (4.7).
Then, the Galerkin scheme(@.11) has a unique solution(t_h;Eh) 2 Xho Mn.o. Moreover, there exist

positive constantsC; and C,, independent ofh, such that
n 0]
kt_hkx + kEhkM C1 ijXh;okXﬁ;o + ijMh;okM ﬂ; ; (4.16)

0
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and ( )
kt thkx + kp phkM C, inf  kt spkx + i2nf kp qhkM : (4.17)
A of , = 4

§h2xh;0 ﬂh Mh;

Proof. The proof follows basically from Lemmal3.1 and the classicaBabiska-Brezzi theory. In fact,

it is straightforward to see, thanks to the diagonal characer of B, that the bilinear form B satis es
the discrete inf-sup condition onX .o M p.o if (H.4) holds. Moreover, applying similar arguments to
those utilized in the proof of Lemmal4.2, and having in mind the assumptions on 1, », and 3, and
hypotheses(H.5) and (H.6) , we deduce thata is elliptic on V.1 and b satis es the discrete inf-sup
condition on V.1 V.2, which, together with Lemma [8.1], imply the invertibility of A on Vy,.

4.3 Particular choices of discrete spaces

Similarly to Section [3:4, we now introduce speci ¢ discretespaces satisfying hypothese@.0) , (H.4) ,
(H.5) and (H.6) in 2D and 3D. In what follows, we make use of the same notationemployed in
Section[3.4 for the de nition of the corresponding triangulations of sand p.

4.3.1 Raviart-Thomas elements in 2D

Let us assume the same hypotheses on the mesh given in SectiBrf.l, and consider the discrete
spaces:

n 0
Hi( s) =  vn2[C( g)*: Vhjr 2 Py(T) 8T 2T72° ;

n 0
Sh( ) = h 2L%en( s) 1 hit 2 Po(T) 8T 2T ;

n 0 (4.18)
Hh( 2) = h 2 H(div; »2): hit 2 RTo(T) 8T 2 T\ ?2fS;Dg;

n 0
Lh( 2) ==  h2L2%( ) : ghjTr 2 Po(T) 8T 2T7 22fSDg:

In addition, on the interface we consider the subspaces intoduced in Section[3.4.11, that is

n (0]
() = h 2 C(): hie 2 P1(6) 82 on;  n(X0) = n(Xn) =0 ; (4.19)

and n 0
h() = h2C(): nje2Pi(e) 8e2 o (4.20)

Then, we de ne the global spacesX .o and M y.o by combining (38:23), (4.9), (4.10), (418), [419),
and (4.20).

We remark that these subspaces satisfy hypothese@H.0) , (H.4) , (H.5) and (H.6) . Indeed,
it is clear that hypotheses (H.0) and (H.5) hold true. In turn, observing that (£12) and (£13)
coincide with 3.29) and (3.30), respectively, it follows,as explained in Sectiori 3.4]1, that(H.4) holds
true. Finally, the inf-sup conditions (4.14) and (4.15) are a direct consequence of the discrete inf-sup
conditions (3.43) and (3.42), respectively, and[[44, Theam 5.1] (see Sectiof 3.41 for details).
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As a consequence of the above, we can establish the main retsubf this section. Their proofs are
straightforward. In particular, the proof of Theorem £.6]below certainly makes use of the approxi-
mation properties of the nite element subspaces employed qee, e.g. [14],[112],115][ 28], 38],_139]).

Theorem 4.5 Let (t;p) 2 Xo M be the unique solution of @.4), and let X.o and M .o be the
nite element subspaces de ned byB.24), [@.9) and (@.10), in terms of the speci ¢ discrete spaces given
by (#18), #.19) and #20). In addition, assume that ;1 > 0,0< ,< 4 ,and0< 3< ¢ 2
where g is the constant of Korn's inequality (d.7). Then, the Galerkin scheme(@.11) has a unique
solution (t_h;Bh) 2 Xno Mo, and there existcy, ¢, > 0, independent ofh, such that

n 0
k(t_h;Bh)kx M C1 ijxh;okX(h);o + ijMh;OkM(h);o ;

and n o]
kt thkx + kp EhkM C inf kt s,kx + inf  kp ghkM : (4.22)

Sp2Xh;0 ﬂhZM h;o —

Theorem 4.6 Let (t;p) 2 Xo Mo and (t_h;Bh) 2 Xno Mpo be the unique solutions of the
continuous and discrete problems(.4) and (4.11), respectively. Assume that there exists 2 (0;1]

such that ¢ 2 H ( g), div SZH(s),U52H1+(S), SZH(s),' 2H1=2+(),

up 2 H( p),anddivup 2 H ( p). Then, pp 2 H¥ ( p), 2 H¥* (), and there exists
C > 0, independent ofh, such that

n
k(t;p) (t_h;Bh)kx M Ch Kk sk; ¢+ kdiv sk. + kupk. [+ kdiv upk.
o] (4.22)
+ kuskl+; s + k Sk; s + kl k1=2+; + kakl+; D
4.3.2 Raviart-Thomas elements in 3D
Let us now consider the discrete spaces:
n 0
Hi(s) ==  vh 2 [X §)*: vhjr 2 Py(T) 8T 2T ;
n 0
Sh( s) = h 2L2ew( )1 nit 2 Po(T) 8T 2T5 ;
n . . ,0 (4.23)
Hh( 2) = h 2 H(div; »2): hit 2 RTo(T) 8T 2 Ty ?2fS;Dg;
n 0

La( 2) th 2 L%( 2) : thit 2 Po(T) 8T 2T, ?2fSDg:
In addition, on the interface , we proceed as in Section[3.42 and introduce an independent triangu-

lation | of , by triangles K of diameter R, and dene R := fRx : K 2 R9- Then, denoting by
@ the polygonal boundary of , for the unknowns on the interfa ce we consider the discrete spaces

B50) and (3.51), namely

n (0]
o) = h2C(): hik 2 Pi(K) 8K2 ; n=0 on @ ; (4.24)

and n o]
P() = h2C(): hik 2 Pi(K) 8K 2 , (4.25)
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In this way, the global spacesX .o and M .o are de ned by combining (3.24), (4.9), (4.10), (4.23),
@.24), and (4.25).

Now, concerning the hypotheseqH.0) , (H.4) , (H.5) and (H.6) , we notice that (H.0) , (H.4)
and (H.5) follow as explained in Sectior 4.311, wherea@.6) is consequence of the inf-sup conditions
B42) and (3.43), which follow from [31, Lemma 7.5] (see S&on for details). More precisely,
[31, Lemma 7.5] establishes the existence of a constafy 2 (0;1) such that for each pair (h ;hy)

verifying h Cohp, 842) and (3.43) are satis ed.

The main results of this section are collected in the followng theorems. As before, we also remark
here that Theorem[4.8 below makes use of the approximation mperties of the nite element subspaces
involved (see, e.qg.[4],[112]/115]}128], [38], [39]).

Theorem 4.7 Let (t;p) 2 Xo M be the unique solution of @.4), and let X,.o and M .o be the
nite element subspaces de ned byB3.24), @.9) and (&.10), in terms of the speci ¢ discrete spaces given
by @.23), @.2Z24), and (@.25). In addition, assume that ; > 0,0< 5, < 4 ,and0< 3< g o,
where ¢ is the constant of Korn's inequality (A.7]). Furthermore, suppose thath Cohp. Then, the
Galerkin scheme (@.11) has a unigue solution(t_h;gh) 2 Xno Mo, and there existcy, ¢ > 0O,
independent ofh, such that
n o]
KthiPpdkx m o KFjx,okxo o+ kGjmpokmo o s
and n o]
kt thkx + kp EhkM C inf  kt spkx + |2n'\1;I okE ﬂhkM : (4.26)

§h2x h; 0 ﬂh h;

Theorem 4.8 Let (t;p) 2 Xo Myp and (t_h;Bh) 2 Xno Mhpo be the unique solutions of the

continuous and discrete problems.4) and (@.11), respectively. Assume that there exists 2 (0;1]

such that ¢ 2 H ( g), div 52H(5),U32H1+(5), s 2 H( g, 2H1:2+(),

up 2 H( p),anddivup 2 H ( p). Then, pp 2 H¥ ( p), 2 H¥™* (), and there exists
C > 0, independent ofh, such that

n
k(t;p) (t_h;Bh)kx M Ch Kk sk; ¢+ kdiv k. o+ kupk. , + kdiv upk.
0 (4.27)
+ Kkuskis; ¢+ K gk; ¢+ K Kki=pi;  + kppkas;

S S

5 A posteriori error estimator

In this section we restrict ourselves to the two-dimension&case and derive a reliable and e cient

residual-based a posteriori error estimate for our augmemtd mixed nite element scheme [4.111), with

the discrete spaces introduced in Section 4.3.1. The exteims to 3D should be quite straightforward.

Most of the analysis employed in the proofs makes extensivese of the estimates derived in[]6],[[13]
and [36] (see also]22]). We begin with some notations. Forea T 2 ThS [T hD. let E(T) be the set

of edges ofT, and denote by, the set of all edges oﬂ'hS [T hD, subdivided as follows:

Ev=B(s)[En( b)) [En( s)[En( p) [En() ;

26



where 5,( ) = fe2E, : e 20, Bn( 2) = fe2E, : e »qg, for each? 2 f S;Dg,
and () = fe2E, : e g. Note that E,() is the set of edges de ning the partition .
Analogously, we let B () be the set of doubleedges de ning the partition ,,. In what follows, he
stands for the diameter of a given edgee 2 Ep, [ E on(). Now, let g 2 [L?( »)]™, with m 2 f 1;2g,
such that gt 2 [(T)]™ for each T 2 Th?. Then, givene 2 E,( -), we denote by ] the jump of
g acrosse, that is [d] = (dit)je (GiTo)je, where T and TP are the triangles of T,” having e as an
edge. Also, we x a unit normal vector ne := (n1;n»)! to the edgee (its particular orientation is not

relevant) and let te := ( ny;n1)t be the corresponding xed unit tangential vector along e. Hence,
givenv 2 L?( 5)and 2 L?( ) such that vjt 2 [(T)]? and jr 2 [Q(T)]? 2, respectively,
for each T 2 Th'-’, we let [v teg] and [ tg] be the tangential jumps of v and , acrosse, that is
[v te] := f(vijr)ie (Vvitojeg teand [ te] := f( jr)ie ( jro)jegte, respectively. From now on,
when no confusion arises, we will simply writet and n instead ofte and ne, respectively. Finally, for
su ciently smooth scalar, vector and tensors elds g, v := (vi;Vv2)t and = ( jj)2 2, respectively,
we let 0 1

@y @y o1 @0

— : — q q .

curlv = %% %X curlqg:= @x @x
@x  @x

_ , - @1 @Qun @22 @2
@x @x’ S @ @x @x @x%

Next, for the sake of simplicity, in this section we replace he augmented formulation (4.4) by the
equivalent one arising from the utilization of the decompogion (8.4). In other words, we drop the
explicit unknown 2 R and keep it implicitly by rede ning the stress  as an unknown inH(div ; g).
In this way, the augmented mixed formulation reduces to: Fird (t;p) :=(( s;Us; s;Up;'; ); Pp)
2 X My, such that N

A(t;s) + B(sp)

I

-
P
©

8s:=( s Vs, siVp; ;)2 X;

5.1
B(La) = G(a) 84:=0 2 Mo: &)
where
X = H(div; s) H'(s) Liew( s) H ,(iv; p) Hg() H7Z() ;
and
Mo := L3( p):
Here, B is rede ned by suppressing the last term, that isB(s;q) := (divvp;gp)p, for all

(s59) 2 X Myo. Consequently, the equivalent discrete problem is de ned a follows: Find (t_h;Bh)
=(( shiUsh; shiUb:hi' hs h)iPoih) 2 Xn Mo such that

F(sn) 8sp:=( sh:Vsh: sniVoih hy h) 2 Xh;
G(a,) 84, = don 2 Mnypo;

A(thisy) + B(shipy)

B(ty;a,) (5:2)

where
Xn = Hn( s) HE () S( s Hno(pd) 7O RO ;
and
Mh.o := Lno( b):
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We recall that X, and M j.¢ are de ned in terms of the discrete spaces introduced in Seiin [4.3.7.
In addition, thanks to the equivalence between [4.4) and[(5I)) (equivalently (2.11)) and (5.2)), it is clear
that both problems are well-posed and satisfy the correspating continuous dependence inequalities.

On the other hand, let (t;p) 2 X Mg and (t_h;Eh) 2 X Mo, be the unique solutions of [5.1)
and (5.2), respectively. Then we introduce the global a postriori error estimator:
8 9 1=
< X 2 X 2 -
= st T D;T. : (5-3)

T2TS T2T P

where for eachT 2 TS

2 2

. 1 1
&1 = Kfs+div gnkir +  gp S(Fusn (1 usn)')  + e(usp) > S

o;T o;T
2 2
2 1 1
+  sh Sh ot T h% rot sh ¥t > g;h + h% 1 ousp > g;h Sh
o;T o;T
X 1 2 X 1 2
+ he sht — 3.t + he sht — 3ot
' 2 = 0; ' 2 > 0e
e2E(TM\En( s) € e2E(T)En( s) ;
X 1 2
+ he S;ht + 2_ g;ht + ﬂ
e2E(T)\E () O:e
X n . ) , 0
+ he shn+ pn 17 (n Dt oe t K' p+ US;hko;e '
e2E(T)\E v ()
(5.4)
and for eachT 2 T,D:
3.1 :=kfp divuppkd; + h% krot(K tupn)k§r + h3 kK luppkd;
X ( )
+ he K fupn t+ § 2.+ hekpon  nkde + hekupn n+' nkde
62E(T)\n () 1 , X 1 ,
+ he K “upp t o+ he K “upp t o
e2E(T)\E h( p) e2E(T)\E h( p)

Hereafter, ; denotes the only frictional constant in (2.5), and the expressions' |, and ﬂ stand for
the tangential derivatives of ' |, and 1, respectively, along .

The main result of this section is stated as follows.
Theorem 5.1 There exist positive constantsC,e; and Cef , independent ofh, such that

The e ciency of (lower bound in (5E))]is proved below in Sec tion 5.2, whereas the reliability
(upper bound in (&.5)) is proved next in Section[5.1.
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5.1 Reliability of the a posteriori error estimator

We begin the derivation of the upper bound in (&3) by recallng that the continuous dependence
result given by (4.8) (after the corresponding modi cations on the continuous spaces), is equivalent
to the global inf{sup condition for the continuous formulation (&1). Then, applying this estimate to
the error (t thip Eh) 2 X My, we obtain

k(t typ ph)kx M C sup M, (5.6)
- s@2x M K(SQkx M

whereR : X Mg! R is the residual functional given by
R(s;q) == A(t ty;s) + B(ssp p,) + B(t tyid) 8(s9)2X Mg

More precisely, according to [5:1) and the de nitions of A and B, we nd after a simple computation
that for any (§;g) = siVs; sVD; ; )itb) 2 X My, there holds

R(s;9) == Ri( s) + Ra(vp) + Ra(vs) + Ra( ) + Rs(dp) + Re( ) + Rz();

where 1

Ri( s) = 1(fs + div gp;div g)s 2—( 4 9s

(div siusn)s  ( sn; s)s h sny" i ]
Ra(vp) = (K lupm;vp)o+ hvp n; pi + (div vp;pon)o;

. 1
R3(vs) = (fs+div gshivs)s 2 e(usn) > devs)
s
R — 1 t . 1 ty. .
a( g) = 5 Sh Shy Sg 3 Sh E(r ush (rusn)) s .
Rs(p) = (fp divup:h;®)p;
Re( ) = h gpn; i + ;H, t; ti h n;pi;
R72() = hupp n; i +Hp n;i
Hence, the supremum in [5.6) can be bounded in terms dR; , i = 1;:::;7, which yields
n

+ kR4k|—§kew( oot kR5kL%( 0ot kRGkHégz + kR7kH1:2() 0

0°

Throughout the rest of this section, we provide suitable upper bounds for each one of the terms on
the right hand side of (5.4). We start with the following lemma, which is a direct consequence of the
Cauchy-Schwarz inequality.

Lemma 5.2 There exist C3; C4 > 0, independent ofh, such that
8 9 1=2
< X 1 2 =
kRsky: (g0 Cs. kfs+ div snkit + e(usn) = %n .
S ' T2T.S 2 0T
h
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and

. . ) )=
2
KRakiz,, (o0 Ca sh Shogr*  sh 5(Usn (rusp))
T2T S 0T
In addition, there holds
. ) 1=
KRsk_2( ;)0 kfip  divupnkis
T2T P

Next, we establish the estimates for the terms acting on thenterface . Their proofs can be found
in [36, Lemma 3.2].

Lemma 5.3 There exist Cg, C7 > 0, independent ofh, such that

8 9 1o
< X =
kRek, 12 o Co. hek shn+ wn (1 4 t)tk%;e;
e2En()
and 8 9.5

< X =
kR7ky 1=2¢) 0 Cs. hekuph n+"'y nk(z);e.
" e2Eq() '

The upper bound for kRok, @i p)° is provided next. Its proof can be found in [36, Lemma 3.9].
Lemma 5.4 There existsC, > 0, independent ofh, such that

D)

KR2Kyy av; 00 C2. bg. (5.8)

where, for eachT 2 T,P:

b2 . = hZkrot(K upn)kdr + hZkK upnkir

X 1 2 X 1 2
+ he [K “up; t] Oe + he K “upp t e
e2E(T)\E h( D) ( e2E(T)\E h( D) )
X
2
+ he K luD;h t+ ﬁ oe T kpp:h hk(z);e

€2E(T)\E n ()

Our next goal is to derive the upper bound forkR1Kygiv ; ). To do this, we rst need to recall some
known results. We begin with the following lemma establishing the existence of a stable Helmholtz
decomposition forH(div ; s), whose proof can be found, for instance, inN[36, Lemma 3.3].

30



Lemma 5.5 For each 52 H(div; ) there exist 2 HY( s) and 2 H( s) such that there hold
s= +curl in g, and

S ;

where C is a positive constant independent of s.

We now recall the de nition of H,( s) in Section @.31), and let , :H( s) ! Hp( s) be the
Raviart-Thomas interpolation operator (see [12,[28]), whch, givenv 2 HY( ), is characterized by
the identity 7 7

RV N= v n 8 edgee of T,>: (5.9)

e e

Note that, as a consequence of {519), there holds
div( hv) = Pp(divv); (5.10)

where Py, is the L?( g)-orthogonal projector onto the piecewise constant functons on s. A tensor
version of p, say n:HY s)! Hn( s), which is de ned row-wise by 1, and a vector version
of Py, say Py, which is the L2( g)-orthogonal projector onto the piecewise constant vectos on g,
might also be required. The local approximation propertiesof  (and hence of ) are established
in the following lemma. Its proof can be found in [12].

Lemma 5.6 There exist constantscy; ¢, > 0, independent ofh, such that for allv 2 H1( ) there
hold
kv hV kO;T ¢ ht kv kl;T 8T 2 Ths;

and
kv n nv nkoe Ch¥?kvkyr, 8 edgee of T,5;

where Te is a triangle of ThS containing e on its boundary.

In turn, we let 1y : HY( g) ! Hr}( s) be the classical Cement interpolation operator (see [19),
where
Hi( s):= fv2C( s): Vit 2 P(T) 8T 2T7g:

In what follows, we will also make use of a vector version ofp, say I, : HY( ) ! Hﬁ( s) =
[H,}( s)]?, which is de ned component-wise byl,. The following lemma establishes the local approx-
imation properties of 1, (and hence ofly). Its proof can be found in [17].

Lemma 5.7 There exist positive constantscs; ¢4 > 0, independent ofh, such that
kv Ihvkor  cshr kvky o) 8T 2 T,

and
kv Ihvkoe CahiZkvks (o 8e2Ep;

forall v 2 HY( g), where

s(M=[T°2T°: TOATE g and @ :=[fT°2T>: TN e6 g:
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Now, regarding the upper bound forR1, let us consider the following decompaosition:
Ri( s) = Ri( s) + Ri( s)
where
Ri( )= 1(fs+div gpidiv g);
and

1 _ o
RI( s) = > &+ snios (div s;usn)s h sn;' i :
S

Then, we have the following preliminary estimates.

Lemma 5.8 Let 2 H!( ). Then there existC; C > 0, independent ofh, such that

X
jRi( h( )i C kfs+ div snkork Kyt (5.11)
T2TS
and (
- : X 1y
JRT(( )] C ht rushn 5 sh Sih K Ki1
2 -
T2TS ,
h ) (5.12)
+ hi™2K |, + Usnkoek KiT,
€2En ()

where T is the triangle of T,> having e as an edge.

Proof. Let 2 H( s). We rst observe, using the vector version of [5.10), that for eachT 2 T,>
there holds

kdiv ( h( Dkot = kdiv.  Pp(div )kor Ckdiv kot CKk kyr:

Hence, [6.11) follows from a straightforward application d the Cauchy{Schwarz inequality and the
continuity of Py, whereas [5.1PR) is derived through a slight modi cation of the proof of [36, Lemma
3.6].

Lemma 5.9 Let 2 H!( ). Then there existsC > 0, independent ofh, such that

X 1
Rf(curl ( 1n()) C hr rot  sp+ o g, k ki o)
T2T,S 0T
_ 1
+ hé 2 S;h + 2_ OI;h t K k1; s(e)
e2Ep( s) O
_ 1
+ ™2 sh ¥ 5 &t Kk Ky o
e2En( s) e )
= 1 1
+ hé 2 sh T 2 CS|,h t+ " k kl; s(e)
€2En () Oe

Proof. This result follows basically from [36, Lemma 3.6].

The upper bound for R; can now be established.
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Lemma 5.10 There existsC; > 0, independent ofh, such that

8 9
< X =
KR1Kniv ; 0 C1. e&r. (5.13)
S oToTS '
where, for eachT 2 T,>:
1 2 1 2
e%;T = kfs+ div S;hk(z);T + h'2I' I Ush 2_ CS|;h S;h + h'2I' rot Sh + 2_ CS|;h
0T 0T
X 2 X 1 4 0 >
+ hek' h + Usnkge + he sh* 5 sn t+'h
€2E (T)\E 1 () €2E (T)\E 1() 0e
X 1 2 X 1 2
+ he sht 2 g;h t + he sh* 2 g;h t
e2E(T)E n( s) 06 e2E(TNEn( s) 0Oe

Proof. Given s 2 H(div; g), welet 2 H( g)and 2 H?Y( s) be the elements provided by

Lemmalb.5, satisfying s = + curl in g,and
K ki ¢ + kK ki, ¢ CK skagiv: < (5.14)
Then, we set sp = n( )+ curl (Ih( )), which can be seen as a discrete Helmholtz decomposition
of sn. Then, thanks to the Galerkin orthogonality result we know that Ri( spn) = 0, which yields
Ri( s) = Ri( s sh) = Ra( h( ) + Ry curl ( Ih( ) :

In this way, applying Lemmata and [5.9, observing that the number of triangles in (T) and
s(e) are bounded, and using the estimate[(5.14), we obtain the rsult.

We end this section by observing that the reliability estimate (cf. Theorem[5.1) is a direct conse-
quence of Lemmag$ 5]Z, 513, 5.4 add 5.10.

5.2 E ciency of the a posteriori estimator

We now aim to prove the e ciency of , that is, the lower bound i n (5.5). We begin with the estimates
for the zero order terms appearing in the de nition of & and 2.

Lemma 5.11 There hold
kfs + div snhkot k s shkav .1 8T 2T.;
kfp divuppkor kup uppkgv 8T2T/PD;

K sh ts;h Ko;T Cik s shkaiv;t 8T 2 Ths;
2 n (o}

1 _ _
elUsh) 2 g;h Co jus uspifr+k s snkét 8T 2Ty,
0T
and
1 2 n )
sho 2 rush  (r usp) Cs ks S;hk(Z);T + jus US;hjiT 8T 2T,>;
o;T

where C; C,; C3 > 0 are independent ofh.
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Proof. This result follows by using the relationsfs = div s, fp = div up, e(us) = 5 §
s= %(r us (r us)t), and the symmetry of s. We omit further details.

In turn, the following lemma is a straightforward applicati on of the triangle inequality and the
relaton &~ $=rus gin s

Lemma 5.12 There existsC > 0, independent ofh, such that for eachT 2 T,> there holds

2 n o
1
2 d 2 2 2 2
ht T Usn 5> Sh sh Chy jus uspifit+k s  snkgr + K's  snkgr
0T

The derivation of the upper bounds of the remaining terms dening the global a posteriori error
estimator proceeds similarly to [36] (see alsd_[5]), usingriown results mainly from [13], [14], and
[25], and applying inverse inequalities and the localizatin technique based on element-bubble and
edge-bubble functions. In particular, the following lemmasummarizes the upper bounds of nine terms
dening 2;and 3.

Lemma 5.13 There exist positive constantsC; ; i 2 f 1;:::;9g, independent ofh, such that

a) h% rot(K *upp) (ZJ.T Cikup Up:nkjt 8T 2 Ty,

1 2
b) h# rot g, + o~ &
n 2 0T 0
Cz2 ks shkgr + K's  snk§y 8T 2Ty,
n o
c) hkK tupnkds Cs kpp ppnk§r + hfkup Upnkdy 8T 2 T2,
n o
d) hekpon  nkde Ca kpo Ponkgr + hikup Upnk§r + hek  nkje 8e2En()
where T is the triangle of ThD having e as an edge,

e) hekupn n+ "y kS o

Cs kup upnkd; + h¥kdiv(up upp)kgr + hek' ' k§e ; forall e 2 En() , where
T is the triangle of ThD having e as an edge,

, 2
f) he ﬁhn"' h N 11( h )t O o
Co ks snkdr + h3kdiv( s sn)kir + hek hkde + Nek' ' 1Ko
for all e 2 EL() , where T is the triangle of ThS having e as an edge,
n o]
g) he kUS;h + ! hk%;e C; kus Ug;hki-l- + h-2|-jUS Us;hji-l- + hek' ' hk%;e
for all e 2 Ex() , where T is the triangle of ThS having e as an edge,
8
X 1 0 2 < X 2 2
h) he K “upp t+ Oe Cs kup UD;hko;T + k hk1=2; L,
e2En() " e2En() '
where, givene 2 E() , T is the triangle of ThD having e as an edge.

Il ©
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X 2
i) he  gn * Zi $n t+
e2En() g O
< X
Co. ks snkir+ks spkfr + K 'k,
" e2Eq() '
where givene 2 E,() , T is the triangle of ThS having e as an edge.

9

Proof. For a) and b) we refer to [13, Lemma 6.1]. Alternatively, a) ard b) also follow from straight-
forward applications of the technical result provided in [6, Lemma 4.3] (see also [33, Lemma 4.9]).
Similarly, for c) we refer to [13, Lemma 6.3] (see alsd [33, ,ema 4.13] or [25, Lemma 5.5]). On the
other hand, the estimate given by d) corresponds to[[5, Lemmat.12]. Next, for e), f) and g) we refer
to [36, Lemmas 3.15, 3.16 and 3.17]. The proofs of h) and i) flow from very slight modi cations of
the proof of |28, Lemma 5.7]. Alternatively, an elasticity version of h) and i), which is provided in [30,
Lemma 20], can also be adapted to our case.

Observe that the estimates h) and i) in the previous lemma arethe only ones providing non-local
bounds. However, under additional regularity assumptionson and' , we can give the following local
bounds instead.

Lemma 5.14 Assume that je 2 H(e), and ' je 2 H(e), for each e 2 E,() . Then there exist
C1, Cy > 0, such that for eache 2 E,() there hold

n o]
1 0 2 2 0 o0 2 .
he K “upn t+ | e C: kup upnhkpr, + he h oe
and
1 4 0 ? n 2 2 0 0 2 °
he 5= snt* snt + "5 C2 ks snkore*Ks  snkor +he "7 "o

Oe

Proof. Similarly as for h) and i) in Lemma 5.13, these estimates fotbw by adapting the corresponding
elasticity version in [30]. We omit further details.

The following lemma is a direct consequence of [13, Lemma §.8see alsol[6, Lemma 4.4]).

Lemma 5.15 There exist positive constantsC; ; i 2 f 1;:::;4g, independent ofh, such that

2
We:=[ TO2T,P: e2E(TY ,

C1 kuB uD;hkg;We for all e 2 En( p), where the setwe is given by

2
b) he K Lupn t g

having e as an edge,

Cokup uD;hkS;T for all e 2 Ep( p), where T is the triangle of T,°

1 2 n 0
c) he sh+ o 4, t Cs ks snkbw.tk s snKsw, foralle2En( s), where
Oe

n 0
the setwe is given by we := [ T°2T.>: e2 E(TY ,
1 2 n 0
d) he sht o5 4, t Cs ks snkdr+ks gpkgr forall e2 En( s), where
Oe
T is the triangle of T,> having e as an edge.
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We end this section by observing that the required e ciency of the a posteriori error estimator
follows straightforwardly from Lemmas 5.11] %.12] 5.13, 5.14, and[5.15. In particular, the terms

he k hkie and hek' ' kde, in Lemma[BI3 (d), e), f) and g)), are bounded as follows:
X
he k hkée hk hk3. Chk nkis.
€2En ()
and X

he K’ ‘ hkae hk ' hka Chk ‘ hkiﬁﬂa
€2En ()

6 Numerical results

We now turn to the implementation of a few numerical tests that con rm the predicted features of the
two proposed schemes, including optimal convergence rateseliability and e ciency of the associated
a posteriori error estimators, and adaptive mesh re nement As usual, Ny, stands for the total number
of degrees of freedom of a given scheme, individual and totarrors in the natural norms are de ned
as

e( s)= K s shkav; s €(Up)= kup Upnkdiv; 53 €( )=k s shKo s
e )=k " pkizoo; e( )=k hKi=2:

ei(us) = kus ushki ¢ 8i2f0;1g; e(pp) = kKpp  po:nko; o s

n 0.
e= [e( 92 +[e(up)+[e( o +[eC 2 +[e( N2+ (el +[e(o)2+] |2 ;

and the e ectivity index associated to the indicator is eff () = e=. Rates of convergence
associated to quasi-uniform and adaptive re nements of a mgh are given, respectively, by
quey .- 109(€()=B()). a .. log(e()=b()) .
()= —————, ri():= — ;
log(h=R) 21og(Nh=Np)

where e and b denote errors computed on two consecutive meshes of sizesand R, with N}, and Np
degrees of freedom, respectively.

6.1 Example 1: accuracy of the augmented nite element formu lation

Our rst example consists of a porous unit square, coupled vith a semi-disk-shaped uid domain,
ie., p=(0;12and s= f(xy;x2): (X1 1=2)>+(x2 1)< 1; x» > 1g (see bottom left panel
of Figure [6.1). In these domains, we adequately manufactur¢he data in (89) and (4.4) so that a
smooth exact solution in the tombstone-shaped domain is gven by

2 1 0 K 2 | . 0 1
s = K cos(x 1)cos(X 2) 0 5 2 1 ST Tsm(x sin(x2) 7 g
_ _ 6.1)
ve = K sin(x 1) cos(x ») U = K sin(x 1)cos(X 2) © Pp = K cOS(X 1) CoS(X 2):

K cos(x 1)sin( x 2) K cos(x 1)sin( x 2)
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Figure 6.1: Example 1: top: approximated spectral norm of tte Cauchy stress tensor, component
(1,2) of the skew-symmetric part of the Stokes velocity gradent, and Darcy pressure eld (left, middle
and right, respectively). Bottom: geometry con guration ( left) and velocity components on the whole
domain (middle and right, respectively). For the latter, th e Stokes domain is shifted byx , = 0:025
for visualization purposes only. Grids of 98364 and 97452 we employed for the discretization of g
and p, respectively.

Notice that this solution satises us n = up n on , and the the boundary condition up n =0 on

p. However the Dirichlet condition for the Stokes velocity on s is non-homogeneousys = g, with g
as in (6.1)), which implies that the linear functionals F and F de ned in (B.10) and (&.5), respectively,
exhibit an extra term h sn;gi .. In Figure we depict the approximate solutions obtainedwith the
augmented formulation from Section[4.3.1. Model and stabikation parameters were set as = 0:001,
K=1 1=100K=, ;= , =2 , 3= 2. We generate an initial unstructured mesh for and
apply several re nement and smoothing steps to measure errs in di erent norms. These are displayed
in Table B.1, where we can observe a rst order convergence ffall elds, con rming the expected
results from Theorem[4.6. In addition, we observe an e ectiviy index which remains bounded and
oscillation free independently of the re nement level. This behavior illustrates the reliability and
e ciency of in the case of smooth solutions.
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Nn e s) ™ s) eUp) r%up) el 1™ e() rog)
159 0.446196 1.580782 2.603010 0.205070
257 0.226722 0.943739 0.875395 0.842095 1.426422 0.78900101241 0.868981
503 0.118823 0.981413 0.448785 0.956574 0.720729 0.89604M7451 1.023749
1217 0.052284 0.964844 0.212825 0.972366 0.362127 0.9590524874 0.897510
3725 0.027158 0.982517 0.123946 1.015239 0.180258 1.0P388012634 0.984509
13051 0.013688 1.054410 0.066940 0.948094 0.094218 0%828.005881 1.043483
48606 0.007136 1.014553 0.039522 0.820726 0.045701 198390.002955 0.895183
188441 0.003885 0.897878 0.019889 0.929132 0.029973 bA260.001562 0.972879
579852 0.001975 0.914762 0.010587 0.916879 0.014799 B8Z0/80.007868 0.934747

Nn  e() riC)  ea(us) r%us)  e(pp)  r*(pp) eff ()
159 1.290934 0.958703 0.447035 0.412430
257 0.694226 0.920943 0.475323 0.878973 0.224808 0.953157 0.418103
503 0.357180 0.931064 0.252024 0.928001 0.113783 0.870415 0.425560
1217 0.176107 0.986271 0.131323 0.891469 0.061505 O0.%4676 0.420781
3725 0.098482 0.869063 0.061902 1.015167 0.030388 0.87445 0.413923
13051 0.050354 0.918621 0.031949 0.977998 0.015127 01909 0.415893
48606 0.025166 0.955871 0.018239 0.873081 0.008851 0@347 0.418906
188441 0.013573 0.935901 0.009178 0.932855 0.004364 214 0.420651
579852 0.006729 0.940327 0.004739 0.943360 0.002578 84486 0.406982

Table 6.1: Example 1: convergence tests against analyticaolutions employing the augmented nite

element formulation on a sequence of quasi-uniformly re nd triangulations of the tombstone-shaped
domain.

6.2 Example 2: a posteriori error estimation and mesh adapta tion

Next, we assess the reliability and e ciency of the proposeda posteriori error estimators applied

to the augmented discretization of the coupled problem de red on the inversed-L-shaped domain
= p[ s where s=(0;1)%?and p=( 1;1) ( 1;0), representing a uid channel on top of a

porous basin. We compute errors between approximate soluths and the following exact solutions:

( ot = X1(X1  xa(xz 1) 512x (X1 1)2x1  D)xa(xz 1)2x2 1)
S/L; 128 (x3(x2  1)2(6x2 6x1+1) x3(xy 1)%(6x3 6xp+1)) :
Con = 128030 1EE eurl) G 1263 Gorl)
207 xa(x1 Dxa(xz 1) +512x1(x1 1)(@x1  Dxa(xz 1@xz 1)
s= 128030z 126 Ga+D+ Gla 1763 6xp+D) O o
Us = 128;§(x1 1%2x2(x2 1)2x2 1) ;pD=(X1 1)2(x1+1)2x§(x2+1)2;
0128(2(X2 Doxa(xy 1)2xy 1) 8r(x1;X2)
K(x1 Xa)(xa  1)P(x1+1)%x5(x2+1)® Kxa(xa 1)(x1+1)x5(xp+1)?
4 :% 4r (X1; X2)? 2r (X1, X2) )
T OK(xp xp)(x1 DPxa+ DX+ 1) K(xa DX +1) %o+ D2xp + D A
4r (X1;X2)? 4r (X1;X2)

(6.2)
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Nn

e( s)

rav( s)

e(up)

r4(up)

e( s

rav( s)

e(’ )

rec)

72

154
499
1713
6183
23329
91509
361596

0.040405
0.029925
0.020034
0.010613
0.007432
0.004695
0.002865
0.001911

0.588039

0.473399
0.573736
0.924945
0.540744
0.469161
0.510538
0.612654

4

.668901
0.298587 0.913151
0.176233 0.753912
0.084169 0.933307
0.043101 0.911502
0.022937 0.914447
0.012809 0.832579
0.008457 0.854137

3.981857
2.026571
1.015841
0.567462
0.347704
0.203847
0.138111

1.958742

0.219451
0.930233
0.957168
0.885169
0.753473
0.838172

1.628Y.378051
0.9437660789
06238741120
®362m831810

1%203.828498
450020.920981

0.861485111.86 0.811624

Nn

e( s)

ré( s)

e(up)

ré(up)

e( s)

ra(

s)

e('

) re¢ )

130
2901
835
2730
9297
20037
73006
450405

0.039976
0.029859
0.016833
0.009548
0.003303
0.001058
0.000332
0.000051

0.150448

0.989201
0.959438
0.970485
0.989528
0.993040
0.992797
0.984944

0.072126
0.029135

0.010790 0.975378

2.

0.948069
0.952439

0.003880 1.013111

0.002089 1.012786
0.000719 1.009012
0.000186 1.008422

963713
1.040652
0.483704
0.214326
0.070319

1.428789

2.319315
1.453607
0.961382
0.983268

0.5786993129
0.55296844469
55421995687
5184947479

0.037719
0.012658
0.002587

0.970788 7BO08.960034
1.000334 616020.937121
1.09892703580 0.959526

Nn

e( )

rC)

e1(us)

rit(us)

e(Po)

r®(ppo)

eff ()

72

154
499
1713
6183
23329
91509
361596

0.950747
0.658887
0.325962
0.168479
0.099579
0.068100
0.043604
0.032067

1.126320

0.608660
1.058434
1.000822
0.678598
0.663121
0.741581
0.554231

0.604480
0.549237
0.297921
0.164069
0.103036
0.069417
0.053627

1.151813

0.880763
0.137038
0.890480
0.905367
0.753929
0.569783
0.389962

0.897591
0.448996
0.240552
0.128657
0.068653
0.038347
0.021209

0.696676
0.985259
0.775353
0.972616
0.900161
0.811470
0.875454

0.462718
0.52456
0.84684
(B8898
8185

31870
43262
69939

Nn

e( )

re()

e1(us) ré(us)

e(Po)

ré(po)

eff ()

130
291
835
2730
9297
20037
73006
450405

0.523492
0.065701
0.034862
0.016948
0.006101
0.003127
0.001090
0.000283

0.818786

0.510267
0.943771
0.989210
0.954129
0.970293
0.963957
0.970045

0.532226
0.239604
0.088538
0.027505
0.016035
0.005632
0.001696

0.400247

0.877326
0.956598
0.941544
0.972996
0.983535
0.982031
0.952306

0.232092
0.072727
0.024475
0.008589
0.005021
0.001727
0.000513

0.985890
0.971858
0.951104
0.946897
0.972749
0.950892
0.965440

0.286920
0.27505
0.28072
@3792
@2721

am281
aB279
94837

Table 6.2: Example 2: Convergence tests against analyticalolutions employing the augmented formu-

lation on a sequence of quasi-uniformly and adaptively re red triangulations of the inversed-L-shaped
domain.

wherex, = %;xb = % andr =(x1 Xa)?+(X2 Xp)?. Notice that the Darcy velocity and pressure
exhibit high gradients near the origin. The solutions in (6.2) satisfy all boundary conditions assumed
in Section[2. We set numerical and physical parameters as flows: =0:01,K =1, ;=1 10 *

Table summarizes the convergence history of the methodpplied to a sequence of quasi-
uniformly and adaptively re ned triangulations of the doma in. From the rst rows, and in contrast
to what was observed in the previous example, we notice thattie lack of regularity of the exact so-
lutions and the nonconvexity of the domain yield hindered cmvergence rates for practically all elds,
along with an oscillation of the e ectivity index. These problems are ammended after applying a
classical adaptive mesh re nement procedure based on the tamator (here we employ the so-called
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Figure 6.2: Example 2: top: geometry con guration, approximated spectral norm of the Cauchy stress
tensor, and component (1,2) of the skew-symmetric part of tle Stokes velocity gradient (left, middle
and right, respectively). Bottom: Darcy pressure eld, (left) and velocity components on the whole
domain (middle and right, respectively). Approximate solutions were obtained with the augmented
formulation.

blue-greenalgorithm. For its details we refer to e.g. [49]). The optimd convergence rates predicted
by Theorem[3.8 are recovered (see bottom rows in Table_8.2).nladdition, we provide in Figure
snapshots of intermediate steps of the adaptive algorithmwhere it is clear that the indicator identi es
well the regions of high gradients.

6.3 Example 3: ow in a porous medium with a vertical crack

Our following example focuses on the simulation of ow in a peous medium with a vertical crack
of thickness equal to 01, similar to the ones presented in[[B, Section 7.1]. In this @&se, the ow
domain is the rectangle s =[ 0:050:05] [ 0:4;0] representing a crack emerging to the surface
(x2 = 0), and the porous domain is the octagon p=[ 1;1] [ 1,0]n s,s0 =[ 1;1] [ 1,0]and
= @ n(] 0:050:05] f Og) (see Figure[6.4, bottom right plot). Values for viscosity and porosity
correspond to the case of water owing in calcarenite mixed \th sand, i.e., = 0:01,K = 0:001
and we set 1 =100K= , 1= , =2, 3=0:01,. The external forces correspond to gravity
fs=(0; 1)!, and a non-homogeneous slip boundary condition is imposedo p: up n=(0; 1)' n,
representing a rainfall rate. Figure[6.4 depicts the approimate solutions, matching satisfactorily the
results from [8]. Here we have employed the fully mixed formlation proposed in Section[3.4.1L.
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Figure 6.3: Example 2: meshes adaptively re ned using the idicator de ned in (5.3).

6.4 Example 4: a porous sphere immersed in a uid cavity

With the aim of testing the 3-D implementation of the proposed augmented formulation and particular
nite element family speci ed in Section 4.3.2, we close thg section with a simple simulation of a three-
dimensional porous domain fully immersed in a cubic uid domain. We stress that even though the
continuous and discrete analysis of such a formulation wasat included in the present study, similar
tools to those employed in [35] can be applied to extend the msent framework and cover this case
We consider the domains = ( 3;2)3, p = f(xy;x2;x3): x2+x3+%x% %gand s= n pand
construct a tetrahedral mesh of 4575 vertices and 49578 elamts to discretize s, whereas the grid

for p consists of 12843 vertices and 61450 tetrahedra. The modeha stabilization parameters are
setas =1, K =100, 1= =K, = ;! 1=, 2=2 ,and 3=

2=K, and we impose the
following forcing terms

fs=(0:0;sin( (x3 05))': fp=K Isin(x 1)sin(x 2)sin( x 3):

Approximate solutions are reported in Figure 6.5.
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