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ABSTRACT. This work proposes and analyses an adaptive finite element scheme for the fully non-linear
incompressible Navier-Stokes equations. A residual a posteriori error estimator is shown to be effective and
reliable with respect to the natural norms. The error estimator relies on a Residual Local Projection (RELP)
finite element method for which we prove well-posedness under mild conditions. Several well-established

numerical tests assess the theoretical results.

1. INTRODUCTION

A posteriori error analysis for adaptive finite element methods has been a very active and successful
subject of research since the pioneering work of Babuska and Rheinboldt in [8]. In the context of fluid flow
problems, researchers have been focused on improving numerical precision while making the computational
cost affordable. For the Stokes problem we cite the relevant works by Verfiirth [31], Bank and Welfert [9] and
Ainsworth and Oden [2]. Regarding the Navier-Stokes equations it is worth mentioning the residual-based
estimators proposed in [7, 13, 17, 22], the goal-oriented scheme in [12], and the hierarchical a posteriori error
estimator in [5] and the ones based on local problem solutions in [21, 25] (see also [1, 33] for an overview).

Stabilized finite element methods for Navier-Stokes equations use equal-order pairs of interpolation spaces
for the velocity and pressure. Well-balanced numerical diffusion may be also incorporated into such methods
through the stabilization parameter. This is a crucial point when it comes to numerically solving advection
dominated (high Reynolds number) flows (see [18, 29] or [14], for instance). The association of stabilized
methods with a posteriori error estimators greatly improves the quality of the numerical solutions while
keeping the computational cost relatively low (see [3]). Such a feature is particularly attractive if one
approximates solutions with multiple scales, as in the case of the non-linear Navier-Stokes equations.

Residual Local Projection (RELP) stabilized methods add new stabilization to the Galerkin method as a
result of a space enriching strategy. First proposed in [10, 11] for the Stokes operator, and further extended
to the fully non-linear Navier-Stokes equations in [4], these methods rely on the solution of element-wise
problems. Such a local solution designs the stabilization parameter with the right dose of numerical diffusion
and stabilizes the equal order and the simplest elements. In this work, we develop a new residual-based a
posteriori error estimator for the non-linear incompressible Navier-Stokes equations. To this end, we consider

a variation of the RELP method proposed in [4] for which we prove the existence and the uniqueness of the
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solution. Also, we prove that the new estimator is effective and reliable following closely the theory presented
in Verfiirth [32].

The paper is organized as follows: Section 2 states the problem and introduces preliminary results. Section
3 presents the RELP method and the proof of the existence of a solution. The residual a posteriori error
estimator is analyzed in Section 4, followed by numerical validations in Section 5. Finally, concluding remarks

are given in Section 6 and the appendix includes the proof of a local unique solution for the RELP method.

2. MODEL PROBLEM AND PRELIMINARY RESULTS

The steady incompressible Navier—Stokes problem consists of finding the velocity w and the pressure p

solution of

—vAu + (Vu)u + Vp = f in Q,
(NS) Vou =0 in Q,
u =20 on 0f),

where 2 C R? is a polygonal open domain, v € RT is the fluid viscosity and f € L?(Q)? is a given function.
We set V= H}(Q)? and Q := LZ(Q) and introduce the weak form of (NS): Find (u,p) € V x Q such that

v (Vu, Vo) + (Vu)u,v) — (p,V-v) — (¢,V-u) = (f,v) forall (v,q) €V xQ, (1)

here (-,-) stands for the L?(Q)-inner product, where we use the same notation for vector, or tensor, valued
functions.

Problem (1) may be rewrite in a more convenient form in view of analysis. To this end, consider the
operator F': V x Q — (V x @)’ defined by

(F(u,p), (v,9)) :==v (Vu, Vo) + (Vu) u,v) = (p,V - v) = (¢; V- u) = (f,v),

where (-, -) is the duality product in (V x Q) x (V x Q). Note that (1) is equivalent to: Find (u,p) € V xQ
such that

<F(u,p), (vv(I)) =0 V(’U, q) €V xQ. (2)

To present the discrete version of (2) and the numerical analysis of it, we need some notations and also
some standard technical results. We denote the derivative of F' with respect to (u,q) at (v,q) € V x Q
by Dy pF(v,q) € L(V x Q), where £L(V X Q) stands for the space of bounded linear mappings acting on
elements of V x @ with values in V x @ and equipped with the norm || - || £(vx @) With its usual meaning.

We assume that problem (2) has a solution (u,p) and D,, ,F(u,p) is an isomorphism from V x @ onto
(V x Q)" (see Section IV.3.1 in [20]). Also, we assume that there is a constant Ry > 0 such that (u,p) is
unique in the ball B((u,p), Ry) (see Section IV.3.2 in [20]). Thereby, the differential operator D,, ,F(u, p)

is Lipschitz continuous at (u, p), i.e.,

Dy o F(v,q) — Dy, F(u, /
o= sup | D (v,q) P ( p)||£((V><Q),(V><Q))<OO.

(v,q) €B((w,p), Ro) (v —u,qg—p)llvxe

We assume that {7, }n>0 is a regular family of triangulations of  into triangles K with boundary 0K
and diameter hg := diam(K), and h := max{hg : K € Tp}. The set of internal edges F reads &, and we

define hp := |F|. We denote by n the outward normal vector on 0K; by [ -] » we mean the jump of v over



AN ADAPTIVE RELP METHOD FOR THE NAVIER-STOKES EQUATIONS 3

F. Given K € Tj, and F € &, we denote by N (K) the set of nodes of K, N(F) the set of nodes of F', and
E(K) the set of edges of K. Also, we define the following neighborhoods:

Wk = U K |, wp:= U K, GOp:= U K/,
N(E)NN (K0 Fee(K") N(F)N(K')#0

and we define

for all ¢ € L%(S), where S C R%.

The approximate velocity space V), is composed of vector—valued piecewise linear continuous functions
with zero trace on 0f). For the pressure, the approximate space Q)p is spanned by piecewise polynomial
functions of degree [, (I = 0, 1) with zero mean value on Q. On such spaces, we use the Clément interpolation
operator Zp, : V. — V;, and the operator J;, : @ — Qp, where J, means either the modified Clément
interpolation operator in the continuous pressure case (I = 1) or the L? orthogonal projection onto the
constant space (I = 0). Such operators have the following approximability properties (see [15], [16] for
details):

v = Zpo|mx < Chlgm [v]1,@5 Yo € Hl(cTJK)2, (3)
IZhvlix < Cloliz, Yo € H (wk)?, (4)

o —Twolor < CRYVvlis, Vo e H(@p)?, (5)
p—Twplix < Chi'lplis.  Vp € H (Wk), (6)
lp— Tipllor < ChPlplize  Vp € H @), (7)

where 0 < m < 2, max{m,1} <1 <k+1,and 0 <i<1,1<j <k Here and forth, the positive constants

C' are independent of h but can assume different values in each occurrence.

1/2
2
0,0 ‘

Next, we recall some standard results which will be extensively used in the sequel.

We equip the space V x Q with the following product norm

1
(.0l = {vlofa+ I

Lemma 1. Given v € H'(K)? it holds,
[0l 05 < C {hi 1VII5 x + hic [V]3 i }- (8)
Proof. See [28] for details. O

Lemma 2. Given vy, € Vy, and pp € Qp, it holds

[onlloox < Chit lvnlox, 9)
—1/2

el < Chr?Ipnllows, (10)

hrlvnlix < Clloplloxk- (11)

Proof. Results (9) and (11) follow from Lemma 1.138 in [16], and (10) follows from the mesh regularity and

Lemma 1. O
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(0,1)

(O,U) F (1,0)

FIGURE 1. Affine transformation Gp;, i = 1,2.

Lemma 3.

||U—HKU||07K < Ch}(‘vhj( VUEHl(K), (12)
Mgollox < Clolox Vo e L*(K), (13)
Mgvlloox < Chillolox — Voe LX(K). (14)

Proof. Estimates (12) and (13) follow from Lemma 1.131 and Proposition 1.134 in [16], respectively. Estimate

(14) is a consequence of mesh regularity, Cauchy-Schwarz’s inequality and the definition of TIk. O

Now, we define functions with support on an triangle or on an edge which will be used to prove the local
efficiency of the a posteriori error estimator. Given K € Ty, we introduce the elementary bubble function,
br, by

b =27 [ X
zeN(K)

where A, denotes the barycentric coordinates associated to the vertex x. To define and edge bubble function,
we denote by K the unitary reference triangle element and we set

by =4\ on K,

where F' = {(t,0) € R? : 0 < t < 1}. Next, given F € &, and assuming that wrp = K; U Ky, let
Gp; be the (orientation preserving) affine transformation (see Figure 1) such that Gp;(K) = K; and
GFl(F) = F, i =1,2. Thus the bubble function associated to an edge F reads

bpoGps on K i=12,
bp = ’
0 on Q\wp.

Let IT:= {(z,0) : z € R} and Q : R — II be the orthogonal projection. We introduce a lifting operator

acting on functions defined on the reference element as follows PF :Pr(F) — Pr(K)
§— Pp(8) =300Q.
w

Next, we propose the lifting operator on the real element K;

F, PF,Ki : Pk(F) — Pk(Kl), given by

Prk,(s) = Pa(soGpy) o Grl,
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from which we define Pp : Py (F) — Pr(wr) by

P, in K
ERS Pk(F) — PF(S) — F,Kl(s) in K,
PF7K2 (S) in Ks.
If s:= (s1,52) € Pk(F)27 then we define Pr : Pi(F) _ P%(UJF) by
Pr(s) = (Pr(s1), Prp(s2)).

From the previous definitions and using standard scaling arguments, the following equivalences hold.

Lemma 4. Let K € Tj, and F € &,. Given v € Pp(K) and s € Py(F) with k,1 > 0, the following estimates
hold

(v, bgw)

Clollox < sup <Ivllo,x, (15)
weP (K) ||’U)||()’K
w#0
s,bpr
Cllsllo,r < sup (s, bpr) <|sllo,r, (16)
rePy (F) I7ll0,7
r#0
Chig lIbrvllox < |brvlix < Ch lbkvllo,x, (17)
Chig IbrPr(s)llo.x < |brPr(s)1,x < Chi' |brPr(s)llo,x, (18)
lorPe(s)llox < Chil*[slo.r. (19)
Proof. See Lemma 5.1 in [32]. O

3. THE RESIDUAL LOCAL PROJECTION METHOD

Now we introduce a stabilized finite element method for (1). Such scheme is a variant of the RELP method
introduced in [4], in which the difference lays on the redefinition of the boundary stabilization terms. The
RELP method in this work reads: Find (un,pn) € Vi, X Qn such that

B((wn,pr), (v, an)) = F(vr, qn), (20)

for all (vn,qn) € Vi X Qp, where the form B(-, ) is given by

B((un;pn), (0n,qn)) = v(Vup, Vo) + (Vup)un, vn) — (pr, V- vn) = (qr, V- up)

«
- Z TK (Xn(@ - (Vup)lgup +@ - Vpn), xo(—2 - (Vo) llxun +an)) ¢
KeTh

+ 3 E (e V-un), i@ V- vn)
12
KeTn

- Z TF ([[_Vanuh +phn]]a[[yanvh+qhn]])F7
Feé&y

and F(-) by

F(vn,qn) = (fon) = ) QTK (Xn (@ - Wi f), xu (= - (Vo) dgun + qn)) g - (21)
KeTy,
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Here xj represents the fluctuation operator defined by xj, := 1 — IIx, where I is the identity operator, and

the element—wise stabilization parameters ax and yx are given by

1 d 1
O = ———————— an ="
K max {1, Pex } K Per )’
max ¢ 1,
24
where s Jou
un|lkhi . Up |0, K
Peg = th = :
18y b Junlx K3
Also, the edge—wise parameter 7 is defined by
hr
b if =0
120 if |unlr =0,
TR =
! L (1 +—0 (P )) therwi
— — exp(Pe otherwise .
2unlr  |un|r (1 — exp(Per)) Per r
Here
h
Pep = 7|uh|F F with |up|F = 7Huhl|/|g’F
v h
F
We note that 7 satisfies (see Lemma 2 in [11])
h
< C-L, (22)
v

for all F' € &, with a positive constant C' which is independent of h and v.
Mimicking what was done in the continuos case, method (20) is reformulate using the operator Fj, :
Vh X Qh — (V}L X Qh)/ which is defined by

(Fn(wn,pn)s (v, qn)) == (F(wn, pr), (Vn, qn))

1
- > [CYK (xn(=vAup -z + (Vup)llgup, - + Vpy -z =l f-x), xn(Van - & — (Vop)llgup, - x)) K
KeTn
+7K (Xn(V - un ), X (V - vp CE))K} =Y 70 ([ = v Onun + punl, [V Opvn + grn])p.

Fe&y

As a result, (20) can be rewrite as follows: Find (up,pn) € Vi X Qn such that

(Frn(un,pn), (Wn,qn)) =0 Y(Vn,qn) € Vi X Qn.

Before heading to the proof of the existence and the uniqueness of a solution for RELP method (20), we

need some auxiliary results. We define the operator P : V;, — @}, by

> QTK(Xh(P(Uh)),Xh(Qh))K + > 7 ([Pun)] [an]) , (23)
KeTy Fe&y
= (@ Vw) = D T (e (V) ieun — T ), xn(an))
KeTn
- Z TF (H_anuh]]a[[thﬂ)F s
Feé&y

for all up, € Vi, g € Qp. Observe that the P is well-defined from Lax—Milgram’s Theorem with the norm

1/2
K
lgnls == { > (@l x+ D |HQhH||8,F} :

KeTy, Feé&y
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Also, define the mapping N : V), — V}, by

N (un),vn) = v(Vup, Vo) + (Vur)un, vi) — (P(un), V- vp) = (f,vn) (24)
+ > 771( (xXn (@ V- un), xn(® V- vn)) k¢
KeTy,
- Z QTK (Xn( - (Vup)pu, — g f) +Pun)), xn(—z - (Vop)llgun)))
KeTy
- Z 7 ([ = vOnun + P(un)n], [vonvn])p ,
Fegy

for all wy, vy € Vy,.

The next result provides a characterization of the solution of (20) with respect to the operators P and

N.

Lemma 5. The pair (upn,pn) € Vi x Qyp is a solution of problem (20) if and only if N(up) = 0 and
Ph = P(uh)

Proof. Let up, € Vy, such that N(up,) = 0 and let pp, = P(uy,). Adding (23) and (24) we see that (un, pp) €

V5, x Qp, is a solution of problem (20). Now assume (up,pp) € Vi, X Q) is a solution of (20). Then, taking
vy, = 0 in (20) it holds

> 2 Genlpn)sxalan) i+ Y 7 (ol [anl) e =

KeTn Fe&y
(Vo) = 37 S (el (Ve Tiun = T )0 (00))
KeTh
- Z 77 ([ = vOnun], [ann]) »
Fe&y

and hence, since P is well defined, p, = P(uy). Next, taking ¢, = 0 in (20), we arrive at N (up) = 0 and
the result follows. O

We are now ready to prove the well-posedness of (20). The proof follows closely the arguments presented
in [4].

Theorem 6. There is a positive constant C, which is independent of h and v, such that problem (20) admits

at least one solution (up,pp) provided

1/2
hl_ﬁ 1 04K ~
iz {V||f||21,9 + Z THXh(w 1k f) |(2J,K} <C, (25)

KeTy,

where 0 < k < 1. Moreover, the solution of problem (20) is unique provided that v is large enough.
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Proof. Let R > 0 and wy, € V},, with |up|1,0 = R, be arbitrary chosen and denote

1/2
v o= {ZO;K|Xh(:13~((Vuh)HKuh)+P(uh))||(2),K} ;

KeTh
1/2
y = { 7r [ = von uh—i-P(uh)n]]HOF} ;
Feé&y
) 1/2
z = {Vllfl2 ot D *||Xh$ HK.f)”OK} ;
KeTh
1/2
woo= { 7||Xh CAE Uh)OK} :
KeTh
Taking g = P(up) in (23) gives
—(Pn),Voun) = Y = (@ (Vun) Uy = T )+ Plun)), xn (P(un))
KeTy,

+ Y 7ol — vOnun + Plup)n], [P(un)n])r.

Feé&y,

1
From Cauchy-Schwarz’s inequality, (24) and the identity ((Vup)up,up) = —i(V S Up, Up, - Up), WE get

N(up),un) = vluplig+ ((Vuh)uhvuh) — (f,un)
+ Z (Vup)guy — g £) + Plun)), xao(@ - (Vup)Tguy) + Plun))) ¢
KeTy
+ 3 (@ Vw3 75 I — vOnun + Plug)n]|3
KeTy, v Feé&y,
1
> vlunlf g+ (Vun)us, up) — ﬁ”f”—l,ﬂﬁmhh,ﬂ
+ > *HXh (Vun)gun) + Plun))llf
KeTy
(07
= D = Gonla T £ xen(a - (V) ieun) + Pun)) g
KeTy
+ 3 2 7i |11 = vOnun + Plus)n]|3
KeTy, Feé&y
v 1 o
> Dfunl o+ (Vun)unun) + 5 Y " fxa(@ - (Vun)icun) + Plwn)f
Ke7_h
+ 3 @V w)lfx+ Y 7= vonun + Plun)nl|f
KeTy, Feé&y,
1 [(67:¢ 2 1 2
3 Z 7||Xh($'HKf) - 5||f||71,9
KeTy,
> KRerl:chrszerf}fo}(V'u; Up, - Up). (26)
- 2 2 2 2 19 1

Now, if we take (vp,qn) = (0, Tn(up - up)) in (20), use Cauchy—Schwarz’s inequality, Lemma 3, (23), the
fact that ax <1, and (6) with the mesh regularity assumption, we get



AN ADAPTIVE RELP METHOD FOR THE NAVIER-STOKES EQUATIONS 9

(V- up,up - up)| < (V- wp,up - wp — Tn(un - up))| + (V- wp, Tn(un - un))|

< V20uplia lun - wn — Tnlwn - wn)loo
o
+ 137 “Exnla - (Vun) gy, — Hi ) + Pun)), xu(Tn(un - un)))x
KeTy v
+ Y e Il = vonun + Plun)n]llo.r 1170 (wn - wn)n]|o.r
Feg&y,
12 . 1/2
< COVPRQ D K wnli
KeTy
o
+ = Ixn(@ - (Vun)gun =k f) + Pun) o,k [Ixn(Tn(wn - un))llo.x
KeTh
+ > 7 |l = vOnun + Plun)n]lo.r [[Tn(un - un)n]lo,r
Fegy,
h2 1/2
«
< CWR{ Z -y, 'uhi}{} +C Z “Elxn @ - T F)llose hre| T (wn - wn)l1x
14 14
KE,]-}L K67-h
«
+C Y 7K||Xh(fc'((VUh)HKUh)+7’(Uh))||o,K hic| Tn(wh - wn)|1 i
KeTn
+ > eIl = vOnun + Plwn)n]llo.r |[Tn(wn - wp)n]|o,r
Feé&y
h2 1/2 1/2
[0
< cﬁR{ > VKuh.uhiK} +Cz{ > VKh%duh.uhﬁwK}
KeTh KeTn
1/2 1/2
OK 9 2 2
+Cx { > = liclun 'uhl,wK} +y { > el (un 'Uh)nﬂo,F}
KeTy Feé&y
2 1/2
< C{VvR+z+y+2) { > fununfi e+ Y TF||th<uh~uh>—uh-uhﬂnaF} :
KeTn Feé&y,

As a result of the above estimate, (22), (7) and the mesh regularity, we arrive at

1/2

C

[(V - up, up - up)| < W{ﬁR+x+y+z} { > h%(|uh‘uh|iK} : (27)
KeTh

_2
Moreover, using the local inverse inequality |[vp|lco,x < Chy?||Vnllo,q,5x for all 1 < g < oo (see [16]) and the
Sobolev embedding H'(2) < L9(2) for all 2 < ¢ < oo, we obtain

lun ~unlix = ([V(un - un)llox = 2|V (un)unllox
_2
< Cluplix [[unlloo,x < Chy [unly i ||unllqx
_2 _2
< Chylupli, i unllgo < Chg lunli k [unli,
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and then from (26) and (27), it holds

1 1 1
N (up),up) > YRt Za? p v — =27 — = (V- up,up - up)

2 2 2 2
1 1
> gR2+§x2+w2+y2—522
o 3
—ﬁ{ﬁR—km—i—y—kz} { > hif2“|uh|iK} w10
KeTh
> ZR2+lm2+w2+ 2—1z2—£h1_”{ﬁR+x+ + 2} R?
= 9 2 YT T Y
v 1 1 C
> §R2 - §x2 +w? +y? — §z2 — Ch'™"R? — \ﬁhlfﬁ{x +y+ 2} R?
1
> %R2+§x2+w2+y2

1 1o, 1 2_§02h2(1—n)R4
2

1 2 1— 3 2

— 2 CRYRRY — Za?— g2 = =
2% 2" T ¥ T y
2

§C—h2(1*"‘)R4

v 1
> *RQ 2 a2 27ChlfﬁR37
= it twiAgyt e 270 ’

where k := %. Now, set R:= for an integer M > 6, and observe that M satisfies

v
MChl=#

1
T
By selecting C' = ;- in (25) and observing that assumption (25) leads to

2MCh'—*

32 z<1,

we conclude (using the definition of R above) that z < gR. Gathering previous inequalities together, it
holds

(N (un), un)

Y

1
JVR? — 2% + §y2 + w?

Y

1 1
4R2—z2+§y2+w22§y2+w220.

Thus Brouwer’s fixed point Theorem implies the existence of uj, € Vj, with |up|1,0 < R and N (up) = 0.
The uniqueness of solution follows from Banach’s fixed point Theorem using the arguments presented in [20]

(see Appendix A for a proof). a

4. A RESIDUAL ERROR ESTIMATOR

In this section, we propose a residual a posteriori error estimator for the method (20). The analysis follows
mainly the ideas introduced by Verfiirth in [32]. For sake of simplicity, we assume that
(F) f is a piecewise polynomial function, i.e., f| € P;(K)2, 1€ NU{0}, VK € Tp.
K
It worth mentioning that such an assumption may be relaxed. Indeed, if we only assume f € L?(Q)?, for

instance, estimates (31), (32) (see Theorem 8 below) will include a correction term of type hx || f —Ix f

|0,K7
for K € Tp, which is in general a high order term.
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To introduce the error estimator, we define for each K € 7T; and each F' € &, the following residual

quantities
Ri == (f +vAuy, — (Vup)up — Vph) ’K and Rp := [—vOnun+pan]p.

Using these definitions, the residual-based error estimator reads

n:= { Z 77%(} ) (28)

KeTy

where

h? 1 hp
o= KRl +v IV wli+5 > L IRelEp
Fe&(K)NEy

The next result set the framework within the analysis of the estimator is established. Such a result is due
to Verflirth (see Proposition 2.1 in [32]).

Theorem 7. Let (u,p) € V x Q be a non—singular solution of equation (2). Set

R:= min {Ro, T I DupF (. 2) Ml zi v oy (vxay) 27 ||Du,PF(u7p)”ﬁ((VXQ),(VXQ)’)} :

Then, the following error estimates hold for all (vy,qrn) € B((u,p), R)

A

l(w—va,p—an)ll < 2| DupF(u,p)  o(vxoy.(vxon IF@n an)llvxqy, (29)

1 _
= vnp =0l > 3 1 DunF Dl vy vy 1F0m @) vy (30)
We are ready to present the main result of this section.

Theorem 8. Let (u,p) be a regular solution of (2) and (up,pr) be the solution of (20). If we assume that
(up,pr) € B((u,p), R), for R sufficiently small, then the following a posteriori error estimates hold

u
fw—wp-pll < Cymax{1, ey, (31)

n < Cal(w—unp—pul, (32)

A

where

2 2 h%{ 2 h’%{ 2
Ny = Z {TIK + W <||(Vuh)Xh(uh)||o,K + 2 v - UhHo,K) ] )
KeTh

and n is defined in (28). The positive constants C1 and Co are independent of h and v, but they may depend

on u and p.
Proof. Lower bound: Define the finite—-dimensional subspace By, C V x @ as follows
By, :=span{ (bxv,0), (bpPr(s),0),(0,bgr) : v € P1(K)*, s € P)(F)?, r € Py(K), VK € Tp,, VF € &},

with [ = 0,1. From Lemma 4, we get
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(V- up,brr)k

VIV uplox < C sup T
rebo(KN0} 5 I7llo.x
F 0,b
S C sup < (uh,lph)a( 3 KT')>
rePo(K)\{0} 75 I7llo.x
S c sup <F(uh7ph>7 (U7Q)>7
(v,9)€BL| K
[[(v,9)[|=1
1 (R, bxw)k
—=hk [|Rillox < C sup e
W weP; (K)2\{0} ﬁ|bl<w|1,K
S C sup <F(uh7ph)7 (wa7O)>
wep (K)2\{0}  VV[brxwlik
< C sup (F(up,pn), (v,q)).
(v,9)€EBK| K
[[(v,g)]I=1

In addition, using estimates (15)—(19) and (34), it holds

IN

IN

A

IN

IN

1
7 hi* | Relo,r
o h;/z sup (Rp,brs)r
sep,(m)2\{o} V7 IIsllo,F
(F(an, ) (0 Pr(),0)) ~ T, (R, bePr(5))c |
Chpr sup
s€P,(F)2\{0} VV[bFPE(8)[l0,we
{<F<uhaph)7 (bFPF(S)7 0)> - ZKGwF (RKa bFPF(S))K}
C sup
s€P(F)2\{0} VVIbEPE(8)|1,we
h
¢ sup  (Flun,pn),(v.0) +— > ||Rillox
(v,9)€BL|K \/D Kewp
l(v,q)]|=1
C  sup  (F(un,pn), (v,q)).
(9.0)€Bnlwp
[[(v,q)|I=1

Observe that inequalities (33)—(35) imply

Finally, as Z nf(

KeTy,

ng <C sup  (F(un,pn), (v,q)).
(v,9)€BRwy
(v, ) [I=1

2
< [ Z nK] , we obtain from (36) that
KeTh

1/2
{ > ni} < Y ik < CIF(un,pn)ls,,

KeTh KeTn

and from (30) the result follows.

(34)
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Upper bound: From (3)—(5), we get

sup  (F(un,pn), (v —Ipv,q))

(v,9)EVXQ
ll(v,a)ll=1
= s S v aun (Vunu+ V- o0~ Tk (7w
(v,9)EVXQ KeT,
ll(v,a)ll=1
+ Y ([ v Onun +prn],v —Ih’v)F}
Feé&y
1/2
< C { > 773(} . (38)
KeTh
Next, using (37) and (38) we get
sup  (F(un,pn), (v —Tpv,q)) < C||F(un,pr)l sy (39)
(ﬁﬁq)e)‘H/X?
v,q)||l=

and by considering an arbitrary element (v, q) € V x @ with ||(v, q)|| = 1, we arrive at

(F(un,pn), (v,9))
= (F(un,pn), (v = Ipv,q)) + (F(un, pr) — Fn(wn, pr), (Znv,0))

IN

sup  (F(up,pn), (v —Iyv,q))
(v,9)EVXQ
[[(v,q)]|=1

HZulleov v 1 (wn, pr) — Fn(wn, pu)ll (v, x @) -
Thereby, from (39), we get
[1F (wn, pr)ll (v xqy
< C|F(un,pn)lls, + 1 Zollcevvi) 1F(@n, pr) = Fo(wn, pa)ll (v <Qu)y - (40)
Now, given (vp,qn) € Bj, and integrating by parts, we obtain that
(F'(un,pn), (Vn, qn))

> {(—V Aup + (Vup)un + Vpp — fon)x — (V- wn, an)k

K€ETh
+ Y ([~ v Onun + prn],vn)F
Feé&y
= - {(RK;’Uh)K + (V'Um%)K] + Y (Rr,vn)p. (41)
KeTh Feé&y

Next, we will estimate the terms on the right-hand side of (41). To this end, we use estimates (15)—(19)
to get

(Ri,bxw) i

(V-up, brr) i

(Rp,brPr(s))r < [|RFllo.x[Pr(s)

IN

hi||Rxllo,x|wl1, K,

IV - up

IN

o.xIllo.x,

0,7
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for all r € Py(K), w € Py (K)? and s € P;(F)?, with [ = 0, 1, thus we arrive at

1/2
[F(un,pn)ll, < C { > 77%(} :

KeTy

Observing that ||xx(v - @)|lo,x < Chi ||v]jo, i for all v € Po(K)?, and using (9) and method (20), we get

(F(wn,pn) — Fun(un,pr), (Vn, qn))

axh?
< C Z Kl, KN f + v Aup — (Vup)gun — Vpillo g IVan — (Vor)Tgunllox
KeTh
Vi h%
+ > — IV - unllox [V - vnllox + > el Rello.rlllv Onvn + aunllo,r
KeTn Feé&y
Oth%(
< c| ) IR+ (Vaun)xn(un) o,k [lanl,x + [Trwnlloo, k [val1,x]
KeTh
rh%k
+ > —, IV wnlloxlvnlix + > 7lRello,rlI[v Onvn + grm]llo,r
KeTh Feé&y,
aKhK
< ol o IRw + (Vaun)xn(un) o,k [lgnllo,x + [lwnllo,r|vnli,x]
KeTh
vich3
+ Y — IV wnlloxlvnlir + > 7rlREllo.AI[Y Onvn + gnn]llo.r
KeTy Feé&y
h%{ 2 2 h%{ 2 2 Yz
< a3 1 [1Ralf o+ T+ 19wl ] + X Rl
KeTy, Fe&y
1 1/2
{vioBa+ 3 hanta+ X mellvonon + aunll.e |
Fegy
h%{ 2 2 h’%{ 2 2 1z
< cavun{ 3 "8 [IRalR i+ ITununli + 5 1V wnlio] + 3 relReli s

KeTn Feé&y

1/2
1
{vionka+ S lalio+ 5 e IaonlBe+ 3 7o llodlie ) (42)

Feé&y Fe&y

where A(v, up) = max {1, W} )

v
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Applying mesh regularity, (10), (22), and local trace (8), we arrive at

> e [[Onvnl§r + D 7 llan]

Fe&yp Feé&y

<c { S vhe [Bwwndle+ Y0 E ||[[qh1]||%,F}

Feé&y Feé&y

1
<C { Z vhi [|Onvp (2),01{ + Z o ||Qh||(2),wF}

KeTy, Feé&p

6.5

_ 1
<0 { 37 vnliidlnfc+lont] + L ol
KeTh

< C||(vn,qn)|1*.
Combining (42) with (43), it holds

[ F(wn,pn) = Fu(un, o)l (v x@uy < C AW, un)nm,
thus from (42), (40) and (44) we obtain that

| F(wn,pr)llovxqy < CAWw,un)nm.

Finally, using (29) and (45) the result follows.

5. NUMERICAL VALIDATION

We solve RELP method (20) by a Newton—Picard scheme. The idea consists of starting with a solution

u), pY and perform the following:
Forn=1,2,3,...

(1) Compute duj and dp} from the linear system
14 (V(S’LLZ, Vvh) - (5p27 V- Uh) - (th V- 5“2) + ((V&U‘Z)U’Zv 'Uh) + ((V’U’Z)&U’Za ’Uh)

-y K (xhwpz + - (Voup)cup), xalan - @ (vaKu;z))

KeT, K

vy % (xh<mV~6uz>,xh<mV~vh>)

KeT, K

_ Z T ([[ — v 0u} + dppn], [vo, vy + qhn]]>

Feé&y F

= (f,vn)o —v(Vup, Vop)a + (05, V-vp)a + (qn, V-up)o — (Vup)up, vp)o

«
-y 7K <Xh(33 Mg f —pp — - (Vup)lxuy), xnlen — - (V’Uh,)HKuZ)>

KeTh K
- Z Ik (Xh(il: V-up), xn(xzV - vh)>
v
KEeT, K
+ Z TR ([[ — vopuy + ppn], [vonvn + qhn]]> ,
Fe&y F

for all (vn,qn) € Vi, X Qp, where o :=ax(u}), 7% :=vx(uj) and 73 :=71p(u}).
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(2) Set up™! = ul + Sup.

(3) Set pitt = pi + dpp.

(4) If convergence then exit.
End For.

Next, we validate the stabilized method and the a posteriori error estimator. We first adopt a numerical
test with an analytic solution, followed by some well-established benchmarks from the fluid dynamics lit-
erature. We measure the quality of the a posteriori error estimator through the so—called effectivity index,
which is required to remain bounded as h goes to zero and is defined by

N

E = .
[(w — wp,p = pn)l

5.1. Analytic solution. The domain is  := (0,1) x (0,1) and v = 1, 1072, and f is chosen such that the
exact solution is given by
_—

1—el/v’

1— em/u

ur(z,y) =y — up(z,y) == — 1_ /v’ p(z,y) =z —y.

Figures 2-5 show that method (20) remains precise when the viscosity coefficient is small. We notice that
the method achieves optimal order of convergence for both pair of spaces P2 x P; and P? x Py. In Tables

1-4 we point out that the effectivity index stays bounded when h goes to zero for different values of v.

1

0.1}

.| ""'“,”.",",".‘f‘, . ;

0.001 |
Ip—pullog ~=

log error

0.0001 | . (TR P —

1e-05 L [u—wlig -

1le-06 L L
0.001 0.01 0.1 1

log h

FIGURE 2. Analytic solution with v = 1. Convergence history for the P? x P; element.

h [(w —un,p—pu)ll | nu E

0.125 0.0490 0.2289 | 4.6708
0.0625 0.0229 0.1170 | 5.1053
0.03125 0.0111 0.0590 | 5.3081
0.015625 0.0055 0.0296 | 5.4000
0.0078125 0.0027 0.0148 | 5.4424
0.0039062 0.0014 0.0074 | 5.4625

TABLE 1. Analytic solution with v = 1.

effectivity index for the P? x P; element.

Exact error, a posteriori error estimator and
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1

0.1 F .
5
&
2
001 F T : .
- Te -
. e o
E e
3 0.001 |
éc P = pullos &
0.0001 ¢ [u—wloo —=—-1
1e05 | [u—uplio -
>
1le-06

0.001

FIGURE 3. Analytic solution with v = 1. Convergence history for the P? x Py element.

0.01
log h

0.1

1

h [(w —wn,p—pu)ll | nu E

0.125 0.0546 0.3077 | 5.6311
0.0625 0.0267 0.1553 | 5.8107
0.03125 0.0132 0.0780 | 5.8967
0.015625 0.0066 0.0391 | 5.9378
0.0078125 0.0033 0.0196 | 5.9576
0.0039062 0.0016 0.0098 | 5.9673

TABLE 2. Analytic solution with v = 1. Exact error, a posteriori error estimator and

effectivity index for the P? x Py element.

100

10 ¢

1k

0.1}

log error

0.01 1

0.001 ¢

P = pulloa

[lu=unfoe

=

[u—upliq -

0.0001
0.001

FIGURE 4. Analytic solution: v = 1072, Convergence history with the P? x P; element.

log h

0.1

1
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5.2. Lid—driven cavity problem. The lid-driven cavity problem is a standard benchmark in computa-
tional fluid mechanics (see [19] and [30], for instance). The Reynolds number is given by Re:= " and we
perform the computation assuming Re = 5000 and Re = 10000. The final adapted mesh and the streamlines
of the velocity on this mesh are depicted in Figure 6, for Re = 5000, and in Figure 7, for Re = 10000.

We observe that the mesh refinement concentrates inside the primary vortex which leads to a accurate

R. ARAYA, A.-H. POZA, AND F. VALENTIN

h [(w —un,p—pu)ll | nu E

0.125 1.6857 9.7849 | 5.8047
0.0625 1.0664 5.5329 | 5.1883
0.03125 0.6497 2.7666 | 4.2583
0.015625 0.3665 1.4270 | 3.8940
0.0078125 0.1903 0.7809 | 4.1032
0.0039062 0.0950 0.4171 | 4.3902

100

effectivity index for the P? x P; element.

TABLE 3. Analytic solution with ¥ = 1072, Exact error, a posteriori error estimator and

10 |

1k

0.1}

log error

0.01 1

0.001 ¢

0.0001

[u—wfoo —u- |

[u—uplio -

Ip = pullog —=

0.001

FIGURE 5. Analytic solution with v = 1072,

I
0.01

log h

0.1

1

Convergence history with the P? x Py element.

h [(w —wn,p—p)ll | nu E
0.125 1.0715 10.9480 | 10.2180
0.0625 0.8689 5.9920 | 6.8962
0.03125 0.5991 2.8741 | 4.7976
0.015625 0.3538 1.4606 | 4.1277
0.0078125 0.1876 0.7921 | 4.2230
0.0039062 0.0946 0.4218 | 4.4570

approximation of the solution.

effectivity index with the P x Py element.

TABLE 4. Analytic solution with » = 1072, Exact error, a posteriori error estimator and
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FIGURE 7. Lid—driven cavity with Re = 10000. Adapted mesh with the P? x P; element

and streamlines of the solution (51.961 elements).

Finally, Table 5 shows that the location of the center of the primary vortex using RELP method (20) is

in accordance with the one obtained from Ghia and Shin in [19], and from Medic and Mohammadi in [24].

| Scheme | Re =5.000 | Re =10.000 |
Ghia et al. [19] x =0.5117; y = 0.5352 | z = 0.5117; y = 0.5333
Medic et. al. [24] xz=0.53; y = 0.53 x = 0.525; y = 0.53

RELP P? x P; (adapted mesh) | z = 0.5155 ;y = 0.5352 | = 0.5127; y = 0.5296
RELP P? x Py (adapted mesh) | x = 0.5205; y = 0.5309 | z = 0.5197; y = 0.5238

TABLE 5. Lid-driven cavity. Position of the center of the primary vortex.

5.3. Backward facing step problem. This test case is posed on a backward facing step configuration (see
[23]). The step starts at (z,y) = (0,0), the entry of the channel is at z = —5 and the exit at x = 20. The
channel width is hy = 1 at the entry and H = 2 at the exit. We prescribe at the inflow a parabolic profile
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u, = (4y(1 —y),0)T and a free flow condition at outflow. Also, we assume f = 0. The Reynolds number

here is defined by Re:= ne 800, where the mean velocity @; is equal to 2/3. We recall that a singularity
v

on the solution arises induced by the re—entrant corner.

(=5,1) w=(0,0) (20,1)
U= U, o _ g
(=500 (0,0 \ Q o

<
(0,-1) (X, —1) w=(0,0) (20,-1)

FIGURE 8. Boundary conditions for the problem.

A zoom of the final adapted mesh is presented for Figure 9 in the P? x Py case. In Figure 10 we plot the

isovalues of |uy,| and the streamlines of the velocity for the P? x Py element.

Now, being X, the distance from the step to the lower attachment point (see Figure 8) we define the
reattachment length by X,./H. In Table 6, we compare such a quantity to the experimental result given
in [6] and also to the numerical solution from [23]. We observe that all numerical solutions underestimate
the reattachment length with respect to the experimental result which is probably due to three dimensional
effects (see [23], [24]).

P

FIGURE 9. The backward facing step problem Re

800. Zoom of the adapted mesh (63.506

elements) with the P? x Py element.

FIGURE 10. The backward facing step problem Re = 800. Isovalues |up| (top) and the
streamlines of the velocity (bottom) using the final adapted mesh (63.506 elements) with

the P? x Py element.
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H Scheme ‘ X./H H
Armaly et. al. [6] 7.1
Lé et. al. [23] 5.95

RELP P?/P; (adapted mesh) | 5.95
RELP P? /Py (adapted mesh) | 5.86
TABLE 6. The backward facing step problem. Reattachment length for Re = 800.

5.4. Circular cylinder problem. The domain and the boundary conditions are shown in Figure 11. The
inflow velocity field is u, = (1.2y (0.41 — y)/0.412,0)7 = (U,0) and the viscosity is set to v = 1073 (for
further details, see [30]).

u=(0,0)

0.16m

0.15m Bu
u=u, —— S oam &g |04im

0.15m

u=(0,0)
2.2m

FI1GURE 11. Boundary conditions for the problem.

The drag and [lift coefficients are useful to validate numerical schemes, and are defined by
2 8vt 2 a’Ut
CD;:TQD /S(Va?ny—an>dS, CL::_T?D /S(V%nx+Pny)dS7

where we used the following notations: S corresponds to the boundary of the cylinder, n := (n,,n,) and
t = (ny, —ny) are, respectively, the outward normal vector and the tangent vector on S and v, is the tangential
velocity on S. The diameter of the cylinder D is set to 0.1 and the mean velocity @ is gU(O, 0.205).

The length of the recirculation and the difference of the pressure at points (x4,y,) = (0.15,0.2) and
(Te,ye) = (0.25,0.2) are denoted by

Lr =Ty — Te,y Ap::P(xanya) - P(xeaye)v

where z,. is the z-coordinate of the end of the recirculation area. In Table 7, we compare these quantities
using RELP method (20) to the ones obtained from [24] and [26]. Figure 12 depicts a zoom of the final
adapted mesh with the P? x P; element. A zoom of the streamlines of the velocity and the isovalues of |uy,|

are presented in Figure 13 for the adapted mesh.
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H Scheme ‘ Cp ‘ Cr, ‘ Ap ‘ L, H
Schéfer et. al. [26] 5.58 | 0.011 | 0.1175 | 0.085
Medic et. al. [24] 5.65 | 0.012 | 0.121 | 0.082

RELP P? x P; (adapted mesh) | 5.56 | 0.010 | 0.1170 | 0.084
RELP P? x Py (adapted mesh) | 5.54 | 0.012 | 0.1171 | 0.084
TABLE 7. The circular cylinder problem with v = 1073,

FIGURE 12. The circular cylinder problem with v = 1073. Zoom adapted mesh for the
P? x P; element (60.593 elements).

FIGURE 13. The circular cylinder problem with v = 1073, Zoom of the streamlines and the

isolines of |uy| in the final adapted mesh for the P? x P; element (60.593 elements).

5.5. The flat plate problem. Concerning a laminar flow over a flat plate, closed formulas for the friction

coefficient and for the velocity profile are available to comparisons (see Blasius [27]). The statement of this

problem follows [24] and consists of a rectangular domain Q:=(—0.2,1) x (0,0.1) with prescribed velocity

1

u, = (1,0)” at inflow boundary and viscosity v = 5555 (i-e.

Re = 33000), and f = 0. Since non-

slip condition is imposed on the flat plate, a boundary layer starts at the “border of attack” and may be

considered fully developed after a short distance.

Figure 14 depicts a zoom of the final adapted mesh using both pairs of interpolation spaces. As a result,

we observe a dense concentration of elements inside the boundary layer region.
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0.1

0.05

o | I | I IR IR 1 1 I I T

. L
-0.2 -0.15 -0.1 )20.05 o 0.05

FI1GURE 14. The flat plate problem with Re = 33000. A zoom of the final adapted mesh
for the P? x P; case (95.099 elements).

- . ou
We compare the friction coefficient ¢y := v = h
n

-t in Figure 15, as well as the profile of the horizontal
velocity at = 0.2 with Blasius’ solution. Here ¢ is the unit tangent vector on the plate. Figure 16 shows the
isovalues of |uy| and the isolines of the pressure for the P? x P; element. We notice the absence of numerical

spurious oscillations at the vicinity of the boundary layer which highlights the robustness of the approach.

0.05 ; . . i i i
’ Blasius law - wl Blasius solution
0.045 RELP PIP] —— ’ RELP P1P1

0.04

0.035 1.2 -

0.03 1+

- %
s o) o8t
0.02 H
i 0.6 |-
0.015
0.4 1
0.01

0.005 0.2

0 L L L L 0 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.02 0.04 0.06 0.08 0.1

7

FIGURE 15. Comparison of friction coefficient ¢y on the plate (left) and a profile of the

horizontal velocity at « = 0.2 (right) to Blasius solution.

FIGURE 16. The flat plate problem with Re = 33000. Isovalues of |up| computed on the
final adapted mesh for the P? x P; element (95.099 elements).

6. CONCLUSIONS

We have presented a new a posteriori error estimator for the fully non-linear Navier-Stokes equations
which efficiently drives mesh adaptation. We proved the estimator is equivalent to the true errors in natural
norms. Also, the stabilized method used to construct the estimator is proved to be well-posed using a fixed
point theory. Extensive numerical validations attested the accuracy of the methodology when approximating

high Reynolds number flows on a large variety of geometries.
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APPENDIX A. UNIQUENESS OF THE DISCRETE SOLUTION

We prove a uniqueness result for method (20) under the diffusion dominated assumption. As such, we

h
set ag = vx = 1 for all K € Ty, and assume that 7p = % for all F' € &, since both expressions in (22)
%
are equivalent in this regime (for details see Lemma 2 in [11]). Thereby, under such simplifications, method
(20) reads: Find (up,pp) € Vi, X Qp, such that

v (Vuh, V’Uh) + ((Vuh)uh,vh) — (ph, V- ’Uh) — (qh, V. uh)

- % Z (xn(x - (Vup) Ugup +pp), xn(—x - (Vop) U wn + qn)) g

KeTh
2 @Y w) @V o))~ Y o ([ vonun + punl, [Onon + ) g
v KeTn Fe&y v
= (f,vn) — % > (@ Tk f), xn(—2 - (Vor) Tgun +q1)) ¢ Y(vn,qn) € Vi X Q. (46)

KeTy

We first rewrite (46) as a fixed point problem. To this end, we define T}, : V' x Q — V}, x @}, the discrete

Stokes operator, which for each (w,r) € V' x @, it associates the unique solution (uy,pp) € Vi X Qp, of
A((un,pn), (v, qn)) = (w,vn) + (1, qn), (47)
for all (vp,qn) € Vi X Qp, where A(+,-) reads

A((up,pn), (vn,qr)) ==
v (Vuy, Vor) — (pn, V- o) — (qn, V - up,) — % Z (xn(Pn), xn(an)) &

KeTh
1 hr
+ K; (Xn(®V -up), xn(®V - vp)) — Fg 0 ([ — vOnun + prn], [VOnvL + gun])p . (48)

Also, we introduce the mapping Gy, : H2(T3)? x H*(T;,) — Vi, x Qp, where (wp,, 1) := G (z,t) solves

(wh,vn) + (rh,qn) = —(F = (Vz)z,08) + % > i@ T f —x- (V2)Tkz), xn(9n))
KeT

1
- Y. Cal@ T f+z-vAz—a- (V2)kz —t),xn(@ - (Vou)lkz)) g ,
KeTh

for all (vp,qn) € Vi, x Q. Combining these operators, problem (46) is written as the following fixed point

problem
—ThGr(un, pr) = (Wh,ph)- (49)

Before proving the uniqueness result for (20), we need to establish the well-posedness of (47). This result

is presented in the next lemma.
Lemma 9. The mapping Ty, is well-defined.
Proof. Defining the mesh-dependent norm

1 1 hr
[(vn, an)ll} = V|”h|%,sz+; > |\Xh(Qh)||3,K+; DT @ Vo) g+ > @II[[—Vanvth%n]]H%,Fa
KeTy, KeTh Feé&y,
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we realize that, for all (vp,qr) € Vi, X Qp, it holds

A((vhaqh)7(vh7_Qh)) = H(vfuqh)HiQL? (50)

and, thus, the problem (47) is well-posed and the operator T}, is well-defined. O

Lemma 10. The operator Ty, is continuous. More precisely, there exists C' > 0, independent of h and v,
such that

T (w, )| < C Vv (1 +h)* [(w,r) | v, xQuy »
for all (w,r) € (Vx Q).
Proof. The proof follows standard arguments, but we present them here for sake of completeness. Let
(wp,pp) := Tp(w,r). From (50) we see that
[ (n, pn)ll7 = A((un, pr), (wn, —pn)) = (w, un) = (r,pn) < |lwllvylunlie + gy lenlloe.  (51)
To bound the L?(Q)-norm of py, let z € H}(Q2)? be such that
Blipn

and let z, be the Clément interpolate of z. Then, integrating by parts, using that (wp,ps) is the solution
of (47), (6) and (7), we arrive at

lo,0lzl1,0 < (pr, V- 2), (52)

Bllerlloelzlie < (pr, V- (2 = 21)) + (P1, V - 21)
==Y (Vpnz—z)k+ Y (Ipwnl, z — z1)F + v(Vuy, Vzy)

KeTy Feé&y
1 h
+= ) @V un), @V zn))k — Y ([ = vOnun, + pan], [VOnzn]) F — (w, 21)
v 12v
KeTs Fegy
<C Y hxllVenlloxlzhws +C Y b2 IIpandllo.rlzhwe + viunlolzalie + lwlvy |2hl.0
KeTh Fe&
+ < > Ixu@V - wn)llo.xlIxn(@V - z0) ok + > hilI[[—Vf') up, + pan]|o,r |[V0n 2] (53)
VKeT Xh r)0,K || Xh )0, K P 190 nUh T Ph 0,F mZh]|0,F -
h h

Next, using the generalized Poincaré’s inequality and the fact that |z|; x < Chi and (6) we obtain

@l
0,K |K|1/2

[xn (2V - z1) IV - znllo.x < Chi 210 » (54)
and then from (10), (11), (53) and the mesh regularity, we get

Bllpnllo.alzlia

1/2

1 hr 1

<C {V > haclVonlga+ D Mol e + Il a7 + V||w|3fa}
KeT, Feép

) 1/2
it d 3 it |

KeTy

1 1/2
< o {ltwnmli + Slwly | (41 s, (53)
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Now, dividing the above inequality by \/v|z|1 o, it holds

1/2
1 1
WHPhHo,Q <C(1+h) {(Uhaph)ﬂi + ,/”w”%’h} . (56)
Next, using (56) in (51), and ab < a* 4+ 1 b* with a, b € RT, we arrive at
I(wn, pn)ll < C [lwlRyy + v+ 0273, ] < Cr+h)? [lwl$, +IIrllg, ], (57)

and then replacing this in (56) we get

1
ﬁ”phno,ﬂ < CVY(1+n)? [[lwllv: + lIrllq; -

1
Finally, the proof ends observing that || (un, pp)|| < {||(uh,ph)II%+;||ph|\(2))9}1/2 and using [|w|lv; +(rllq; <
Cll(w, )| (v xuy- =

We are ready to prove the uniqueness result. We recall that that v is assumed to be large enough so that
(20) reduces to (46). Let (upn,pn) € Vi x @), be a solution of (46), and observe that from (49), (wn,pr)
corresponds to a fixed point of the operator —T},G}j. The proof then reduces to prove that the operator
—T,Gy, is a strict contraction in B := {(vp,qn) € Vi X Qn & |[(vn,qn)|| < 1} and then the result follows
from Banach’s fixed point Theorem.

Let (upn,pn), (vn,qn) € B. Using Lemma 10 and the definition of operators T}, and Gy, it holds

|ThGr(un, pr) — ThGr(Vn, qn)|| = | Th(Gh(wn, pr) — Gr(vn, qn))||
<CVu(1+h)?  sup  (Gr(un,pr) — Gr(vn,an), (Wi, th))

[I(wn,tn)|I<1
<CVv(1+h)>  sup {((Vuh)uh — (Vop)vp, wy,)
l(wn,tr)lI<1
1 Z (xn(x -Oxf —x- (Vup)Iguy, —pr), xp(@ - (Vwp) I gup)) ;
KeTh
—% > (- T f + @ (Vou)gvn + qn), xn(@ - (Vwn)Txon))
KeTh
L Z (xn(@ - (Vop) vy — @ - (Vup) Mk un), Xa(th)) g }
KeTh
<COVv(1+h)>  sup {((Vuh)uh — (Vup)vp, wy)
[l (wn,tn)lI<1
—% > (@ -Tgf — @ (Vun) xwn — pa), xa(®@ - (Vwn) g (un — i) g
KeTh
_% Z (xn(=z - (Vup)lgup — (Vop)lgvr) — (0n — qn)s Xo(@ - (Vwp)gvn)) g
KeTh
*% > Gonl@ - (Vou) vy — @ - (Vun)Mgus), xa(tn)) }
KeTh
= CVo(1+h)?  sup {I 414 T01 + IV}. (58)
ll(wn,tn)lI<1

Regarding item I above, we use that (Vu)w,v) < C |ul1 o|v|1,0|lw|i o for all u,v,w € V, and the definition

of the norm || - || to get
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I = ((Vup)up — (Vop)vn, wp)

(V(un —vn))up — (Vor)(vn — up), wy)

norm || - || as follows

I =

IN

1

C

v

< C{|Uh - ’Uh|1,Q|Uh|1,Q|’UJh|1,Q + |’Uh|1,Q|uh - ’Uh|1,Q|’wh|1,Q}
C
< — — tn)ll-
< Vﬁll(Uh»Ph) (vn, qn) [l (wn, th)]] (59)
To bound item II, we employ (9), (11), Hoélder and Cauchy—Schwarz inequalities, and the definition of the
- > (@ Tk f — @ (Vun)un — pr), xa(@ - (Vwy) g (un — i) g
KeTh
D WkIF = (Vun)Txwn = Vg o,k | (Vwn) ik (un = vi)llo,x
KeTh

IN

IN

<

<

< Q

< |Q

3 Q %lQ

> BiAlF o, + [ Vunllo,x Txwn oo, + VD0, } [V loo, i [T (2w, — vi) o, ¢
KeTh

> Al Fllo.se + IVunllo xllwnllore + lIpallo. s} lwn i, lwn = vallo, e
KeTh

(Bl o+ 0 wn )+ Vil ane) = (om0
{Allfloa + 3 + v} lwnm) = (onanllwn. (60)

The terms III and IV are bounded using similar arguments as the ones used for II, and then we get

III

IN

IN

IN

—= Z Xn(—=z - (Vup)gu, — (Vop)lgvn) — (ph — qn), Xn(x - (Vwp)gvn)) g,
KeTh

- Z hic|(Vun)gw, — (Vor) ks + Y (on — an) o [T vn oo, i lwhl1,x
KeTh

VQC\}{ (II(uh7ph)||+|(vh7qh))+\f} 1(@ns an) Il (wn, pr) = (On; an) [l (wn, ta)

o {2+ 1 ) — om0 (61)

Y Cal(Vor)gon — (Vap)gun), xa(Vin)) i < %H(uh’ph) — (vn, @) [l (wn, th)ll- (62)
KeTh

Collecting the bounds (59), (60), (61) and (62), inequality (58) becomes

C
|ThGr(wn, pr) — ThGr(vn, qn)| < > {

5

= fllfllo } L+ 12 ||ty ) — (o )]l

5

C
and, thus, the result follows under the assumption that v is such that ~ {2 + 7 \f} (1+ h)?
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